GEOMETRIC  MODULAR  ACTION 


By 


MARTIN  FLORIG 


A DISSERTATION  PRESENTED  TO  THE  GRADUATE  SCHOOL 
OF  THE  UNIVERSITY  OF  FLORIDA  IN  PARTIAL  FULFILLMENT 
OF  THE  REQUIREMENTS  FOR  THE  DEGREE  OF 
DOCTOR  OF  PHILOSOPHY 


UNIVERSITY  OF  FLORIDA 


1999 


ACKNOWLEDGMENTS 


First  and  foremost,  I want  to  thank  my  adviser,  Professor  Stephen  J.  Summers, 
for  his  constant  guidance  and  encouragement.  Working  with  him  is  always  a great 
pleasure. 

I would  also  like  to  thank  Professor  P.  Ehrlich,  Professor  G.  Emch,  Professor 
J.  Klauder,  Professor  K.  Muttalib,  and  Professor  P.  Robinson  for  their  service  on  my 
supervisory  committee. 

I am  especially  grateful  to  my  wife,  Nicole,  and  to  my  parents. 


11 


TABLE  OF  CONTENTS 


page 


ACKNOWLEDGMENTS ii 

ABSTRACT iv 

CHAPTERS 

1 INTRODUCTION 1 

2 HALF-SIDED  TRANSLATIONS 8 

2.1  Borchers’  Theorem 8 

2.2  Half-Sided  Modular  Inclusions 13 

2.3  Intermediate  Algebras 14 

2.4  Additivity  20 

2.5  Conformal  Quantum  Field  Theory 22 

3 GEOMETRIC  MODULAR  ACTION  ON  MINKOWSKI  SPACE  28 

3.1  Bijections  of  Wedges 30 

3.2  Which  Transformation  Groups  Can  Appear?  42 

3.2.1  Two-Dimensional  Minkowski  Space  43 

3.2.2  Four-Dimensional  Minkowski  Space 51 

3.3  Transitive  Action  68 

3.4  Geometric  Action  of  Even  Products  of  Modular  Conjugations  . . 70 

3.5  Construction  of  the  Poincare  Group 77 

3.5.1  The  Translation  Group 78 

3.5.2  The  Lorentz  Group 81 

3.5.3  The  Poincare  Group 94 

3.6  Geometric  Action  of  Modular  Groups 98 

3.6.1  Modular  Groups 100 

3.6.2  Modular  Conjugations 105 

4 GEOMETRIC  MODULAR  ACTION  ON  DE  SITTER  SPACE 108 

4.1  Bijections  of  Wedges 110 

4.2  Construction  of  the  de  Sitter  Group 122 

REFERENCES 130 

BIOGRAPHICAL  SKETCH 133 


Abstract  of  Dissertation  Presented  to  the  Graduate  School 
of  the  University  of  Florida  in  Partial  Fulfillment  of  the 
Requirements  for  the  Degree  of  Doctor  of  Philosophy 


GEOMETRIC  MODULAR  ACTION 
By 

Martin  Florig 
May  1999 


Chairman:  Stephen  J.  Summers 
Major  Department:  Mathematics 

We  apply  a selection  criterion  for  physically  interesting  states  on  nets  of  C*- 
algebras  over  general  spacetimes,  which  allows  the  determination  of  spacetime  sym- 
metry groups  and  their  corresponding  representations  from  the  algebras  of  the  net 
and  a suitable  state.  In  particular,  we  examine  nets  over  Minkowski  space  and  de 
Sitter  space. 

We  consider  half-sided  modular  inclusions.  Simplified  proofs  of  two  well- 
known  theorems,  which  are  due  to  Borchers  and  Wiesbrock,  are  given.  We  show 
that  a half-sided  modular  inclusion  can  never  be  split  and  we  apply  a theorem  which 
can  be  used  in  algebraic  quantum  field  theory  in  order  to  derive  additivity  for  von 
Neumann  algebras  associated  with  regions  with  nontrivial  intersection. 
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CHAPTER  1 
INTRODUCTION 


In  algebraic  quantum  field  theory  the  existence  of  spacetime  symmetries  is 
often  assumed  from  the  outset.  However,  the  physical  information  should  already  be 
obtainable  from  the  net  of  local  algebras,  i.e.,  from  the  map  O i-4  A(0 ),  which  assigns 
to  every  spacetime  region  O the  corresponding  (7*-algebra  A(0)  of  in  O measurable 
observables. 

Bisognano  and  Wichmann  [4,  5]  showed  for  finite-component  quantum  field 
theories  satisfying  Wightman’s  axioms  that  the  modular  objects  associated  with  the 
vacuum  and  wedge  algebras  have  a geometric  interpretation.  The  modular  objects 
only  depend  on  the  corresponding  algebra  and  state;  i.e.,  it  is  possible  to  derive 
geometrical  and  dynamical  information  as  well  as  representations  of  symmetry  groups 
merely  by  using  a net  of  local  algebras  and  a suitable  state. 

Numerous  other  examples  are  known  where  the  modular  objects  associated 
with  certain  algebras  and  the  vacuum  act  geometrically.  In  conformal  quantum  field 
theory  this  holds  for  double  cone  algebras  [28]  and  for  light  cone  algebras  [15].  In 
quantum  field  theories  on  the  circle  the  modular  objects  associated  with  interval 
algebras  have  a geometric  interpretation  [41].  In  de  Sitter  space  this  holds  again  for 
wedge  algebras  [9,  12]. 

In  the  literature  [4,  5,  9,  12,  15,  28,  41]  there  are  many  examples  of  half-sided 
modular  inclusions  (see  Definition  2.1.2),  which  we  consider  in  Chapter  2.  We  will 
first  prove  a theorem  which  is  due  to  Borchers  [7].  Our  proof  can  also  be  applied  to 
derive  Wiesbrock  s results  [40,  42].  We  only  use  elementary  theorems  from  complex 
analysis,  thereby  significantly  simplifying  the  original  proofs.  Furthermore,  we  will 
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show  that  pairs  of  von  Neumann  algebras  of  a half-sided  modular  inclusion  can  never 
be  split.  Then  we  give  some  applications  of  a theorem  which  can  be  used  in  algebraic 
quantum  field  theory  to  derive  additivity  for  von  Neumann  algebras  associated  with 
regions  with  nontrivial  intersection. 

An  algebraic  characterization  of  vacuum  states  on  nets  of  C*- algebras  over 
Minkowski  space  was  given  by  Buchholz  and  Summers  [17].  It  allows  the  recon- 
struction of  spacetime  translations  by  means  of  the  modular  conjugations  which  are 
associated  with  these  states.  Furthermore,  the  following  selection  criterion  for  physi- 
cally  interesting  states  of  quantum  field  theories  on  general  spacetimes  was  proposed. 
It  makes  possible  the  determination  of  spacetime  symmetry  groups  and  their  corre- 
sponding representations,  as  well  as  the  characterization  of  vacuum  states  by  means 
of  algebraic  conditions. 

Condition  of  Geometric  Modular  Action  (CGMA):  Let  W be  a suitable 

collection  of  regions  of  the  spacetime  ( M,g ),  {A(W)}w^w  a net  of  C* -algebras, 
which  lie  in  a C* -algebra  A,  and  u a state  on  A with  GNS  representation  ('H,7r,0). 
Let  fl  be  cyclic  and  separating  for  1Z{W)  = 7 r(A(W))'' , i.e.,  the  modular  conjugations 
Jw  of  (77.(lT),f2)  are  defined  for  W £ W. 

The  pair  {{JZ{W)}WeVV,  f))  satisfies  the  condition  of  geometric  modular  action 
if  the  adjoint  action  of  the  modular  conjugations  Jw  leaves  the  net  {R{W)}WeW 
invariant,  i.e.,  if,  for  all  W,W1  € W,  there  is  a W2  e W such  that 

JwKiW^Jw  = K(W2). 


It  is  remarkable  that  this  condition  can  be  formulated  on  arbitrary  spacetimes, 
for  we  do  not  assume  any  specific  action  of  the  modular  conjugations. 
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The  CGMA  allows  the  derivation  of  representations  of  symmetry  groups  merely 
from  a net  {<4.(kF)}wevv  and  a suitable  state,  since  the  modular  conjugations  Jw  are 
determined  by  the  pairs  (ft(W),ft).  In  Chapter  3 and  Chapter  4 we  will  study  the 
CGMA.  We  will  consider  nets  of  C*-algebras  over  Minkowski  space  and  de  Sitter 
space.  Under  the  assumption  of  the  CGMA  and  additional  purely  algebraic  condi- 
tions we  will  show  that  the  modular  conjugations  of  wedge  algebras  induce  a strongly 
continuous  representation  of  the  proper  Poincare  group,  resp.  of  the  proper  Lorentz 
group.  Many  of  these  results  already  appeared  [18]  (see  also  [36]). 

Furthermore,  we  will  consider  modified  versions  of  the  CGMA.  We  will  only 
assume  that  even  products  of  modular  conjugations  or  that  the  elements  of  the  mod- 
ular groups  of  (7£(VF),0)  have  a geometric  action. 

Algebraic  characterizations  of  vacuum  states  over  Minkowski  space  were  pro- 
posed by  Doplicher  [20]  and  Kraus  [30].  However,  these  criteria  cannot  be  applied  to 
general  spacetimes.  Other  selection  criteria,  such  as  the  Hadamard  condition  [29]  or 
the  microlocal  spectrum  condition  [35],  are  valid  for  a whole  folium,  i.e.,  they  do  not 
allow  a decision  about  which  states  are  fundamental.  Furthermore,  the  Hadamard 
condition  only  restricts  the  two-point  function  (therefore,  it  is  of  particular  interest 
for  quasifree  states). 

Since  the  CGMA  does  not  assume  a specific  action  of  the  modular  conjuga- 
tions, it  can  be  applied  to  nets  on  arbitrary  spacetimes.  This  generality  implies, 
however,  that  the  symmetry  groups  which  can  occur  have  to  be  determined.  We 
want  to  explain  how  we  have  to  proceed  if  we  want  to  apply  the  CGMA  to  nets  of 
C*-algebras  over  a spacetime  (A4,£r). 


1)  How  should  we  choose  the  regions  in  W? 
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There  are  some  natural  requirements  on  the  set  VV  [18].  In  the  examples  which 
were  considered  so  far,  wedges  are  used  to  define  the  elements  of  VV.  In  Minkowski 
space  the  causal  completions  of  inextendible  timelike  curves  give  such  regions  if  the 
completions  are  not  equal  to  the  whole  space.  It  would  be  interesting  to  determine  for 
which  spacetimes  we  can  define  suitable  regions  in  this  way.  However,  we  can  only  give 
a justification  of  a certain  choice  of  VV  by  showing  that  a large  class  of  quantum  field 
theories  then  satisfies  the  CGMA.  Therefore,  we  should  prove  Bisognano-Wichmann 
type  theorems  as  in  [4,  5,  9,  12]. 

The  adjoint  action  of  the  modular  conjugations  permutes  the  set  of  von  Neu- 
mann algebras  {TZ{W)  | W G W}.  Since  we  only  consider  nets  for  which  the  map 
VV  3 W Tl(W)  is  bijective,  we  can  define  permutations  tw  of  VV  by 

Jwn(W0)Jw  = H(tw(W0))  VW,  Wo  G VV. 

In  the  following  we  denote  by  T the  group  generated  by  the  permutations 
{tw  | W G VV}. 

2)  Are  the  transformations  in  T induced  by  point  transformations  on  the  spacetime 
(M,t g)l 

In  addition  to  the  CGMA,  we  will  assume  further  purely  algebraic  conditions 
which  can  also  be  formulated  on  arbitrary  spacetimes.  In  the  examples  we  con- 
sider below  we  can  show  then  that  n£=1W*,  Wu  . . . , Wn  G VV,  is  a singleton  set  iff 
^k=iTw(Wk)  is  a singleton  set.  Finally  we  can  define  point  transformations  imple- 
menting Tw-  However,  it  is  not  desirable  that  these  arguments  can  be  generalized 
to  arbitrary  spacetimes  (A4,g).  Since  the  CGMA  does  not  assume  a specific  action 
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of  the  modular  conjugations,  it  is  possible  that  they  do  not  act  as  point  transforma- 
tions. This  is  an  advantage  if  we  consider  spacetimes  with  a small  or  trivial  symmetry 
group.  Even  in  such  cases  the  CGMA  could  characterize  physically  interesting  states. 

3)  Which  subgroups  T of  the  symmetric  group  on  W can  appear,  and  does  the 
abstract  group  T already  determine  the  geometric  action  of  the  modular  conjugations 
on  W? 

Alexandrov  has  shown  that  bijections  on  Minkowski  space  preserving  the 
causal  structure  act  as  elements  of  the  extended  Poincare  group  [2].  Similar  re- 
sults are  available  for  many  other  spacetimes;  i.e.,  in  these  cases  it  is  possible  to 
show  that  the  modular  conjugations  act  on  W as  symmetries  if  their  action  can  be 
implemented  by  point  transformations. 

Even  if  the  transformations  in  T do  not  act  as  point  transformations,  T has 
to  fulfill  the  following  conditions.  T is  generated  by  involutions  rw,  which  satisfy 
<7Tw<7_1  = t,jWi  for  <7  € T [18,  Lemma  2.1].  In  particular,  tw  commutes  with  the 
elements  of  T leaving  W invariant.  Since  we  assume  isotony,  we  can  further  derive 

tw,tW2(W2)  C for  W,  C W2 

(see  (3.2. 1.1)).  All  these  relations  demonstrate  that  the  permutations  7%y  and  the 
group  T are  subject  to  strong  conditions. 

Since  tw  commutes  with  the  elements  of  T which  leave  W invariant,  we  ex- 
pect that  in  many  cases  the  geometric  action  of  the  modular  conjugations  is  already 
uniquely  determined  by  the  abstract  group  T if  T is  “large”  enough.  A natural  way 
to  formulate  this  mathematically  is  the  requirement  that  T acts  transitively  on  the 
net.  By  explicit  calculations  we  will  show  under  this  assumption  for  the  examples 
we  consider  below  that  to  every  element  of  the  identity  component  of  the  symmetry 
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group  of  the  spacetime  there  is  a product  of  modular  conjugations  with  this  geometric 
action. 

4)  If  T acts  on  W as  a continuous  group  Q of  point  transformations,  when  do  the 
modular  conjugations  induce  a continuous  unitary  representation  of  (?? 

In  order  to  solve  this  problem  we  can  use  Moore’s  cohomology  theory  (see  [34] 
or  [18]).  We  denote  by  J the  group  consisting  of  products  of  modular  conjugations 
and  by  ip  : J 1-4  Q the  homomorphism  assigning  to  each  modular  conjugation  Jw  the 
corresponding  element  of  Q which  implements  the  action  of  Jw , resp.  tw,  on  W.  It 
is  easy  to  show  that  (J,  < p)  is  a central  extension  of  (?,  i.e.  the  kernel  of  <p  lies  in  the 
center  of  J (see  the  introduction  to  Chapter  3)  and  t-4  Q is  an  epimorphism. 

Moore  considered  central  extensions  (E,  n)  of  separable,  locally  compact  topo- 
logical groups  G,  where  n is  open  and  continuous.  If  G is  perfect,  then  there  exists 
a universal  covering  group  (G,  v)  of  G;  i.e.,  to  every  central  extension  ( E , n)  of  G by 
a Polish  group  ker  n (if  we  consider  groups  of  unitary  operators  on  separable  Hilbert 
spaces,  then  ker7r  is  necessarily  Polish)  there  is  a homomorphism  \ : G E with 
^ 0 X = V*  For  semi-simple  Lie  groups  G,  G is  identical  to  the  topologically  defined 
universal  covering  group  of  G. 

We  want  to  apply  Moore’s  cohomology  theory  to  a suitable  subgroup  of  Q. 
This  is  at  least  possible  if  T is  “large”  enough,  since  it  can  easily  be  shown  that  the 
group  Je  consisting  of  the  even  products  of  modular  conjugations  is  perfect  if  J'e  acts 
transitively  on  VV  (see  below).  In  such  cases  Q'  is  perfect  and  we  can  apply  Moore’s 
theory  to  the  central  extension  Je  of  the  group  Q'.  It  only  remains  to  show  that 
the  homomorphism  <p\je  : Je  1-4  Q'  is  continuous  and  open  (see  below).  Finally  we 
obtain  a continuous  representation  of  the  universal  covering  group  of  which  we 
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can  extend  to  a representation  of  a covering  group  of  Q . 

5)  How  can  we  characterize  physical  stability? 

If  a one-parameter  subgroup  of  Q can  be  interpreted  as  time  development,  then 
we  mean  by  physical  stability  that  the  spectrum  of  the  generator  of  the  corresponding 
continuous  unitary  representation,  interpreted  as  the  total  energy,  is  bounded  from 
below.  However,  a spacetime  does  not  admit  in  general  a timelike  Killing  vector 
field  and  therefore  no  symmetry  group  can  be  interpreted  as  time  development.  In 
[18]  we  consider  therefore  an  algebraic  condition,  which  can  be  applied  to  arbitrary 
spacetimes.  We  call  modular  stability  the  condition  that  the  modular  groups  of  the 
pairs  (7?.(W),fI)  are  contained  in  J . This  condition  implies  for  nets  on  Minkowski 
space  the  relativistic  spectrum  condition.  Furthermore,  modular  stability  makes  the 
application  of  Moore’s  cohomology  theory  easier,  since  the  continuity  and  openness  of 
<p\je  already  follows  if  Q is  a Lie  group  and  if  Je  is  generated  by  strongly  continuous 
one-parameter  subgroups  (see  below  or  [13]). 


CHAPTER  2 

HALF-SIDED  TRANSLATIONS 


We  will  give  a simplified  proof  of  the  following  important  theorem,  which  is 
due  to  Borchers.  Let  Ad  be  a von  Neumann  algebra  with  cyclic  and  separating  vector 
0 and  let  U(t),  t € R,  be  a group  with  positive  generator,  which  leaves  0 fixed  and 
induces  for  positive  arguments  endomorphisms  of  M.  The  modular  group  of  (M,Q) 
acts  then  as  dilatations  on  this  group.  Our  proof  can  also  be  applied  to  half-sided 
modular  inclusions. 

Given  a nontrivial  half-sided  modular  inclusion  (Af  C AA,Q)  we  show  in  2.3 
that  the  pair  (Af,AA)  is  not  split. 

In  2.4  and  2.5  we  give  some  applications  of  a theorem  which  can  be  used  in 
various  cases  to  derive  additivity  for  local  algebras  associated  to  regions  with  non- 
trivial intersection. 


2.1  Borchers’  Theorem 

Bisognano  and  Wichmann  showed  that  for  finite-component  quantum  field 
theories  which  satisfy  the  Wightman  axioms  the  modular  groups  of  wedge  algebras 
act  as  the  Lorentz  boosts  leaving  the  respective  wedges  invariant  [4,  5].  If  modular 
covariance  holds,  i.e.,  if  the  modular  groups  act  in  this  manner,  it  is  possible  to  derive 
the  existence  of  a strongly  continuous  representation  of  the  Poincare  group  by  using 
half-sided  modular  inclusions  [8],  which  are  closely  related  to  Borchers’  theorem  (see 
below). 
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Even  in  settings  where  modular  covariance  does  not  hold,  Borchers’  theorem 
provides  necessary  and  sufficient  conditions  that  a strongly  continuous  unitary  repre- 
sentation of  the  translation  group  satisfies  the  spectrum  condition  (the  necessity  was 
proven  in  [17]  and,  under  slightly  more  restrictive  conditions,  in  [39]).  Furthermore, 
it  shows  that  such  a representation,  if  it  exists,  is  uniquely  defined  by  the  modular 
objects  of  the  wedge  algebras  (see  equation  (2.1.4),  resp.  [17]  if  modular  conjugations 
are  to  be  used). 

Borchers’  theorem,  resp.  half-sided  modular  inclusions,  has  been  crucially 
employed  in  many  other  publications  [10,  18,  25,  41,  43],  to  name  only  a few  ex- 
amples. It  has  even  been  applied  to  quantum  fields  defined  on  spacetimes  different 
from  Minkowski  space  [37].  But  the  original  proof  of  this  deep  result  is  quite  com- 
plicated. In  the  next  section,  we  will  give  a proof  of  the  theorem  by  using,  besides 
modular  theory,  only  elementary  theorems  from  complex  analysis,  thereby  signifi- 
cantly simplifying  Borchers’  original  proof.  We  state  Borchers’  theorem,  which  was 
first  formulated  in  [7]. 

Theorem  2.1.1:  Let  M be  a von  Neumann  algebra  acting  on  a Hilbert  space  TL  with 
cyclic  and  separating  vector  Q G TL.  Denote  by  A the  modular  operator  and  by  J 
the  modular  conjugation  with  respect  to  Let  /7(a),  a G R,  be  a group  with 

positive  generator  acting  on  TL,  leaving  f]  fixed,  and  satisfying 

U(a)MU(-a)  C M (2.1.1) 

for  a > 0.  These  conditions  imply 

AitU(a)A~it  = U{e-™a)  Va,f€  R - (2.1.2) 

and 


JU(a)J  = /7(a)*  Va  G R. 


(2.1.3) 
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Motivated  by  the  appearance  of  this  result,  Wiesbrock  defined  and  studied 
half-sided  modular  inclusions  [41,  43]. 

Definition  2.1.2:  Let  Af  C M be  von  Neumann  algebras  on  a Hilbert  space  H 
and  fl  a common  cyclic  and  separating  vector.  Denote  by  A resp.  JM, 
the  modular  operators,  resp.  modular  conjugations.  Assume  A^AfA'j^  C AT  for 
+ t > 0.  Under  these  circumstances,  the  pair  {AT  C M,  fl)  is  called  a ± half-sided 
modular  inclusion. 

Theorem  2.1.1  entails,  given  the  situation  described  by  its  hypothesis,  that 
(U(a)AAU(-a)  C A4,fl),  a > 0,  are  -half-sided  modular  inclusions  ( t > 0): 

A-J{U{a)MU{-a))A"M 

= t/(ewa)A^A^t/(-ewa) 

= U(a)(U((eM  - l)a)A4U(—(e2irt  - l)a))U(-a) 

C U(a)MU(-a) 

On  the  other  hand,  given  a -half-sided  modular  inclusion  ( Af  C A4,  fl)  we  can 
define  a group  U(t),  t € R,  by 

U{  1 - e~2irt)  = A%A~«  (2.1.4) 

such  that  AA,  resp.  Af , U(t),  and  Q satisfy  the  conditions  of  Borchers’  theorem 
[41,  43].  A generalized  version  of  Theorem  2.1.1  (see  Theorem  2.2.1  below)  was  used 
to  prove  the  latter  assertion.  These  remarks  imply  that  half-sided  modular  inclusions 
and  the  assumptions  of  Borchers’  theorem  are  only  different  descriptions  for  the  same 
situation.  Hence,  our  arguments  can  be  used  in  both  settings,  as  we  shall  see. 
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If  we  assume  a < 0 in  (2.1.1)  and  if  we  consider  -(-half-sided  modular  inclusions, 
then  we  can  derive  relations  as  in  Theorem  2.1.1  and  Theorem  2.2.1,  by  making  the 
obvious  modifications  in  the  proofs  below  [7,  40]. 

We  will  simplify  the  proof  of  Borchers’  theorem  by  using  the  elementary  the- 
ory of  analytic  functions  in  one  variable. 

Proof  of  Theorem  2.1.1:  Choose  arbitrary  but  fixed  M E M,  AT  E AT.  We  obtain 
the  adjoint  equations  of  (2.1.2)  and  (2.1.3)  if  we  replace  a by  -a.  Hence,  we  can 
assume  a > 0.  We  can  define  a bounded  and  continuous  function  on  S — {z  E 
C|0<lmz<|}by  (the  generator  of  U(t)  is  positive  and  Im  e2TZa  > 0 for  z E S) 

f(z)  = (A-"M'fi,l/(e2”a)A-'2Mfi), 

which  is  analytic  in  the  interior  of  S.  We  will  show  that  /(z)  can  be  extended  to 
an  entire  function,  which  is  bounded  and  therefore  constant.  Set  V(t)  = JU(-t)J , 
t E R.  The  group  V{t)  satisfies  (2.1.1)  too  because  of  J M.J  = AT  and 

[U{-t)M[U{t),Mx]  = = 0 

for  t > 0,  Mi  E M,  M[  E AT,  which  implies  U(-t)M'U(t ) C AT  for  t > 0. 
V (e2’Kta)A~itM*AitV(e2irta)*  E M and  AitV(eMa)*Q  = 0 entail 

+ = (A-5A-*tM'H,C/(e2rt+,'7ra)A-,tA5MH) 

= (A- a A U{-e™a)  JA~uM*n) 

= (A-*  A -‘‘M'n,  J(V(e2nta)A~itM*AitV(e2'rtay)tt) 

= (A-^M'Q,  ( JAl)(V(e27rta)A-“M*AitV(e2*ta)*)n ) 

= (A-'ATO,  (V(e2nta)A~'tM*AitV(e27rta)*)*fl) 

= (A~UM'Q,  V(e2vta)A~itMCl)  (2.1.5) 
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for  t 6 R.  The  group  V(i)  possesses  a positive  generator,  leaves  0 fixed,  and  fulfills 
(2.1.1)  too.  As  above,  we  can  show  that  there  is  a bounded  continuous  function  g{z ) 
defined  on  S and  analytic  in  the  interior  such  that 

g{z)  = V(e2nza)A~iz  Mil). 

(2.1.5)  and  the  corresponding  equation  for  g(z)  imply 

/(<  + ^)  = g(t)  for  f6R  (2.1.6) 

and 

9(t  + \)  = (A"‘M'0,  ( JV(-e™a)  J)A~HM^) 

= (A U (e2irta) A-,tMO) 

= /(<)•  (2.1.7) 

Define  now  h(z)  by  h(z)  = f(z  - in)  for  n < Imz  < n + \ and  h(z ) = 
g(z  — i(n  + 1))  for  n + | < Imz  < n + 1 (n  € Z).  Then  h(z)  is  bounded,  well-defined, 
and  continuous  on  C ((2.1.6),  (2.1.7)).  Furthermore,  it  is  analytic  on  Ukez{z  | f < 
Imz  < ^2^}-  We  can  conclude  that  h(z)  is  entire  (use  the  reflection  principle)  and 
therefore  constant.  h(t)  = h(0)  ( t 6 R)  entails  then  (MCI  and  M' f2  are  dense  in  U) 

AitU(e2'Kta)A~it  = Ai0U(e2*°a)A-i0  = U(a). 

h( 0)  = h(i/ 2)  proves 

U(a)  = V(a)  = JU(—a)J. 
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2.2  Half-Sided  Modular  Inclusions 

Our  proof  of  Borchers’  theorem  can  easily  be  modified  to  show  the  following 
(see  [40,  42]). 

Theorem  2.2.1:  Let  U(a),  a £ R,  be  a family  of  unitary  operators  leaving  12  fixed, 
(M,  Tl,  12,  A,  and  J as  in  Theorem  2.1.1)  and  satisfying 

(i)  U(a)  can  be  extended  to  a bounded  and  continuous  function  on  S,  which  is 
analytic  in  the  interior  of  S . 

(ii)  U(a)MU(a)*  C M Va  £ R 

(Hi)  U(a  + i/2)M'U(a  + i/2)*  C M'  Va  € R 

These  conditions  imply 

AitU(a)A~it  = U(a-t)  Va,t  e R (2.2.1) 

and 

JU(a)J  = U(a  + i/ 2)  Va  € R.  (2.2.2) 

The  conclusion  of  the  theorem  still  holds  ifU(z)  is  only  defined  on  S\S0  where  S0  is 
a finite  subset  ofS. 

The  last  remark  follows  easily  from  the  fact  that  isolated  singularities  of 
bounded  analytic  functions  are  removable.  In  [40]  and  [42],  the  preceding  theorem 
was  used  to  prove  [40,  Theorem  3],  according  to  which  we  can  define  a group  U{t), 

2 € R,  by 

C/(e2"  - 1)  = AX" AS, 


s £ R, 
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such  that  AA,  resp.  Af,  U(t),  and  f2  satisfy  the  conditions  of  Borchers’  theorem.  It 
was  shown  that  U(e2xz),  z € S'\{t'/2},  and  Af  fulfill  (i)-(iii)  of  Theorem  2.2.1.  Then, 
Theorem  3 in  [40]  can  be  readily  derived  from  (2.2.1)  and  (2.2.2). 

2.3  Intermediate  Algebras 

Given  a half-sided  modular  inclusion  (Af  C A4,0)  we  will  show  that  the  split 
property  cannot  hold  for  the  pair  ( Af , AA),  i.e.  that  there  is  not  an  intermediate  type 
I factor  C (Af  C C C AA).  Under  certain  additional  conditions  this  assertion  was 
already  proven  in  [40]. 

Half-sided  modular  inclusions  play  an  important  role  in  algebraic  quantum 
field  theory.  We  want  to  mention  some  examples. 

If  there  is  a representation  of  the  translation  group  of  positive  energy  which 
leaves  the  vacuum  0 invariant  and  if  W is  a wedge  and  l a lightlike  vector  such 
that  W + l C W,  then  the  algebras  associated  with  the  wedges  W and  W + / must 
form  a half-sided  modular  inclusion.  This  shows  that,  in  general,  the  split  property 
cannot  hold  for  pairs  of  lightlike  separated  wedge  algebras,  even  if  the  vacuum  state 
is  reducible  or  if  we  consider  two-dimensional  theories  (see  also  [14]). 

If  H is  cyclic  and  separating  for  the  algebras  associated  with  light  cones,  then 
the  modular  groups  of  these  algebras  exist  and  must  act  on  the  translation  group  as 
dilatations  (see  Theorem  2.1.1).  Hence,  we  obtain  here  half-sided  modular  inclusions 
again,  i.e.,  a pair  of  two  of  these  algebras  can  never  be  split. 

Finally  we  want  to  remark  that  we  have  found  state-independent  conditions  a 
net  of  von  Neumann  algebras  has  to  satisfy  if  it  admits  a translation  invariant  state 
of  positive  energy. 
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We  consider  a half-sided  modular  inclusion  (Af  C AA,fl)  and  an  intermedi- 
ate von  Neumann  algebra  £,  i.e.,  J\f  C £ C M.  We  denote  by  A^,AC,AM  and 
Jm,  Jc,  Jm  the  modular  operators  and  modular  conjugations  of  Af,C,  and  M with 
respect  to  f 1.  These  operators  are  well-defined,  since  0 is  cyclic  and  separating  for 
Af  and  A4 , i.e.,  0 is  also  cyclic  for  £ D Af  and  separating  for  £ C AA. 

Proposition  2.3.1:  Let  ( Af  C AA,Ll)  be  a + half-sided  modular  inclusion  and  £ a 
von  Neumann  algebra  with  Af  C C C M . A'lAjtf  converges  for  t ->•  -oo  strongly  to 
an  isometry  U — JcUJm- 

Proof:  We  assume  that  ( Af  C AA,Ll)  is  a -half-sided  modular  inclusion.  The  other 
case  follows  similarly.  There  is  a strongly  continuous  group  V(t ) with  positive  gen- 
erator such  that 

V(1  _ e- 2w<)  = 

[40,  42]  and 

A^JxJmA-*  = V(l  - e-2^+*'/2))  = V(1  T e"2^)  (2.3.1) 

[16]- 

Let  v?  be  an  analytic  vector  of  V(z).  Then  V(z)y>  is  bounded  for  bounded  z. 
Note  that,  since  £ C Ad,  A'fAfff  has  a bounded,  strongly  continuous  extension  A(z ) 
to  the  strip  S+  = {z  £ C | 0 < I mz  < |},  which  is  analytic  in  the  interior  and  such 
that  A(t-\-i/2)  — A'^J cJ MAfff  for  t £ R [16].  Similarly,  it  can  be  proven  that  A'^Aff* 
has  a bounded,  strongly  continuous  extension  B(z ) to  the  strip  S-  = {z  £ C [ 0 > 
Imz  > — |},  which  is  analytic  in  the  interior  and  such  that  B(t  — i/  2)  = A xfJ cJ M Aff1 
for  t £ R (note  AA.DC  but  Af  C C).  The  function 

A(t)ip  = AiiA^AjrA XJV  = B(t)V(  1 - t € R,  (2.3.2) 
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possesses  a strongly  continuous  extension  to  S+  U S-  given  by  A(z)<p  on  S+  and 
by  B(z)V(  1 — e~2'KZ)cp  on  SL.  We  will  call  this  extension  /(z).  According  to  the 
reflection  principle  and  the  fact  that  weak  and  strong  analyticity  are  equivalent  (see 
the  proof  of  Theorem  2.5.21  in  [11]),  f(z ) is  analytic  in  the  interior  of  S+  U S-.  Note 
that  /(z)  is  bounded  for  bounded  V(1  — e-2irz)<£>,  resp.  for  bounded  1 — e_2irz.  We 
will  show 

/(*  + *'/ 2)  = 2)  for  te  R.  (2.3.3) 

This  follows  from 

f(t  + i/  2)  = A(t  + i/2)<p 

= A'IJcJmAm*? 

and 


fit  ~ *'/2)  = B(t  - i/2)V(l  - e-M1-*'/2))^ 

= B(t  - i/2)V(l  + e~27rt)tp 

' ='1)  (&PcJ»A]l)(ApvJMA-J)‘P 

(2.3.3)  implies  that  g(z)  = /(— ^lnz)  is  well-defined  for  z / 0 if  we  choose  lnz  such 
that  —7 r < Imlnz  < n.  We  want  to  show  that  g(z)  is  analytic  for  z ^ 0 and  then 
that  the  singularity  at  z = 0 is  removable.  g(z)  is  weakly  continuous  for  z ^ 0 
and  analytic  in  {z  £ C\{0}  | Imlnz  ^ ±7r}  = C\R_.  According  to  the  reflection 
principle  and  the  fact  that  weak  and  strong  analyticity  are  equivalent,  g(z ) is  even 
analytic  for  z / 0.  We  have  shown  above  that  f(z)  is  bounded  for  bounded  1 — e~2wz, 
i.e.  g(z)  = /(— T-lnz)  is  bounded  for  bounded  1 — e~2*(~&Inz)  = 1 — z and,  in 
particular,  for  0 < |z|  < 1.  For  any  vector  i/>,  ( ip,g(z ))  is  analytic  in  z ^ 0.  This 
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function  can  even  be  extended  to  an  entire  function,  since  singularities  of  bounded 
analytic  functions  are  removable.  However,  weak  and  strong  analyticity  are  equivalent 
implying  that  the  singularity  of  g(z)  at  z = 0 is  removable. 

We  have  shown  that  g(z)  = f(  — -^\nz)  converges  strongly  for  z — > 0,  i.e., 
f(z)  = g(e~2irz)  converges  for  e~2KZ  ->•  0,  resp.  for  Rez  ->•  oo.  Therefore,  f(t)  = 
<r))  ^ ^ R-)  converges  to  lim2_,0  g(z)  for  t — >■  oo  and  A'/Af/f  converges  strongly 
to  an  isometry  U for  t oo.  lim^  f(t)  = lim^  f(t  + i/2 ) shows  U = JCUJM- 

If  U in  Proposition  2.3.1  is  unitary,  then  it  is  not  difficult  to  prove  C — UMU*, 
i.e.  that  C is  of  type  HR  if  Af  / AA  [10].  In  the  following  we  will  show  that,  even 
if  U is  not  unitary,  C,  cannot  be  a type  I factor  for  Af  ^ AA.  In  2.5  we  will  give 
an  example  which  shows  that  the  isometry  U in  Proposition  2.3.1  is  not  necessarily 
unitary. 

We  denote  by  P the  projection  UU*  (note  U*U  — 1).  There  are  examples 
which  show  that  P ^ 1 is  possible  (see  Section  2.5). 

Lemma  2.3.2:  Under  the  assumptions  of  Proposition  2.3.1  we  denote  by  £0  the  von 
Neumann  algebra  {L  e C\L  = PZP  + (1  - P)L(1  - P)}.  AA  and  C0  are  * isomorphic. 

Proof:  We  want  to  show  that  there  is  a ‘isomorphism  <p  : AA  h->-  £0  given  by  </?(M)0  = 
UMSl.  Note  that,  for  M 6 AA , 

JcAitcA^JMMJMAitMAlitJc  € JcA^A-jM'A^A-^Jc 

C JcA'/M'A-^Jc 
C JcA^C'A-^Jc 
= C. 
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Let  L 6 C be  a weak  limit  point  of  {JcA'l  A^JmMJmA^A^Jc}  for  t — ► - oo.  L 
is  unique,  since  fl  is  separating  for  C and 

Lfl  = JcUJmMQ  = UMQ. 

Hence,  (p(M) fl  = UMO,  defines  a *map  into  C. 

Note  that  converges  weakly,  hence  strongly,  to  U*P  = U* 

for  t — >■  -oo,  i.e.,  {J cA'jtAyf  J mM  J J cP}  converges  strongly  to  UMU*P 
for  t ->■  -oo.  We  have  shown  <p(M)P  = U MU* P = UMU*.  It  follows  Pp(M)  = 
Pp(M*)*  = ( p(M*)P)*  = UMU*  = p(M)P,  i.e.,  ip  maps  M into  C0- 

p(MlM2)n  = UMiM2n 

= umxu*um2  n 
= umxu*pum2 n 

= p(Mi)p(M2)Q, 

for  Mi,  M2  € M,  shows  that  p is  a ’homomorphism,  since  fl  is  separating  for  C0. 

Define  xp  : C0  ^ M by  xp(L)  = U* LU  = U*PLPU.  {A^A^LA^A^1  6 M] 
converges  weakly  to  U*LU  for  t -+  + oo,  since  {A^A^‘}  converges  strongly  to  U and 
{A^fA^}  converges  weakly  to  U*.  Hence,  xp  is  indeed  a ’homomorphism  into  M.. 
xp  = p~x  follows  from 

P(<P  o xP(L))P  = Pp{U*LU)P  = U(U*LU)U*  = PLP , 

resp.  p o xp(L)  = L , for  L £ Co  (note  that  PAP  = 0 for  A £ £ 0 implies  A = 0,  since 
AP  = PAP  and  fl  is  separating  for  £0)  and 

xp  o <p(M)  = U*p(M)U  = U*Pp(M)PU  = U* PU MU* PU  = M, 


for  M £ M.. 
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Proposition  2.3.3:  The  assumptions  in  Proposition  2.3.1  imply 

U*CU  = U*£0U  = M and  U MU*  = PCP  = PC0P. 


Proof:  The  proof  of  the  preceding  lemma  implies 

U*CU  D U*C0U  = M. 

Note  that  we  obtain  U MU*  = PCP  = PC0P  if  we  adjoin  U*CU  = U*£0U  = M by 
U.  Hence,  it  is  sufficient  to  show 


U*CU  C M. 

converges  strongly  to  U and  {A^A~,f}  converges  weakly  to  U*  for  t ->• 
+ oo.  Thus, 

A&Ar^AgAX?  G A^£A  m 
C A^MArf 
= M 

converges  weakly  to  U*LU  G M,  for  L € C and  t -*  -oo. 

Theorem  2.3.4:  Let  (A f C Ad,0)  be  a nontrivial  half-sided  modular  inclusion.  The 
pair  (AT,M)  is  not  split. 

Proof:  We  will  use  the  same  notations  as  above  and  we  assume  that  £ is  a type 
I factor.  Let  Q G £\{0}  be  a minimal  projection,  i.e.,  QRQ  = A Q for  all  R 6 C 
and  suitable  A G R.  u>(PQP)  = ||  QLl  ||2^  0 entails  PQP  ^ 0.  There  is  a spectral 
projection  0/5g  PC0P  of  PQP  e PCP  = PC0P  such  that  PQP  > cS  for  a c > 0 
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( PC0P  is  a von  Neumann  algebra).  Since  M,  resp.  PC0P,  is  of  type  III  [10],  there 
is  a decreasing  net  of  nontrivial  projections  £ PCqP}  which  weakly  converges 
to  0 and  such  that  Sa  < S (use  Zorn’s  lemma  and  note  that  PC0P  is  infinite).  The 
homomorphism  4>  : CQ  »->■  PC0P  given  by  <f>(L)  - LP , for  L £ £0,  is  bijective,  since 
0 is  separating  for  Co-  Hence,  we  can  define  projections  Ta  £ C0  by  TaP  = Sa.  {Ta} 
converges  weakly  to  0,  as  well.  The  minimality  of  Q and 

II  QTaQ  ||  = ||  TaQ  ||2  > ||  PTaQP  ||2  = ||  SaPQP  ||2 
> ||  SaPQPSa  ||2  > ||  Sa(cS)Sa  ||2  = ||  cSa  ||2  = c2, 

imply  QTaQ  > c2Q,  in  contradiction  to  the  weak  convergence  of  {Ta}  to  0. 

2.4  Additivity 

We  will  apply  the  following  theorem  to  algebraic  quantum  field  theory. 

Theorem  2.4.1:  Let  fl  be  cyclic  and  separating  with  respect  to  the  von  Neumann  al- 
gebras M,  Af+,  and  M-,  which  act  on  the  Hilbert  space  H.  Assume  that  (Af+  C A4,  fi) 
is  a -bhalf-sided  modular  inclusion  and  that  {M-  C Af,H)  is  a -half-sided  modular 
inclusion.  If  Q is  cyclic  for  Af+  D M-,  then  M.  = Af+  V M-. 

Proof:  see  [23] 

In  2.5,  we  will  show  that  the  conclusion  in  Theorem  2.4.1  can  fail  if  f l is  not 
cyclic  for  A+  D W_.  We  can  prove  the  dual  of  Theorem  2.4.1. 

Corollary  2.4.2:  Let  0 be  cyclic  and  separating  with  respect  to  the  von  Neumann  al- 
gebras M.,  Af+,  and  A f~,  which  act  on  a Hilbert  space  Li.  Assume  that  ( A4  C W+,f!) 
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is  a -hhalf-sided  modular  inclusion  and  that  (M  C M-,Cl)  is  a -half-sided  modular 
inclusion.  If  Cl  is  separating  for  M+  V M-,  then  M.  — M+  fl  M-. 

Proof:  Consider  the  algebras  M',  M[,  and  ML-  It  is  not  difficult  to  show  that 
(-A/’;  C M',Cl)  and  (ML  c M',Cl)  are  half-sided  modular  inclusions.  Furthermore, 
Cl  is  cyclic  for  (A/+  U M- )'  = M'+  fl  ML , since  it  is  separating  for  M+  V A f- . Theorem 
2.4.1  implies  M'  = (Af[  U AfL)"  = (M+  D M-)',  resp.  M = M+  fl  M-. 

The  following  theorem  follows  easily  from  Theorem  2.4.1  and  Corollary  2.4.2. 
We  consider  coherent  wedges,  i.e.,  wedges  which  we  can  obtain  from  each  other  by 
translations. 

Theorem  2.4.3:  Let  W be  the  set  of  wedges  in  Minkowski  space.  Assume  that 
{'R.(W)}wev\>  is  a net  of  von  Neumann  algebras,  which  act  on  a Hilbert  space  H. 
Let  Cl  be  a cyclic  and  separating  vector  of  the  algebras  IZ(W).  If  there  is  a strongly 
continuous  representation  of  the  group  of  translations  of  positive  energy  on  H which 
acts  geometrically  correctly  on  the  set  of  wedge  algebras  and  leaves  Cl  invariant,  then 

n(w1  v w2)  = 7 z(wl)  v n(w2),  i i(wt  n w2)  = ft(Wi)  n n(w2), 

for  coherent  wedges  Wi,W2  6 W.  We  denote  by  Wi  V W2  the  causal  closure  of 

Wi  UW2. 


Proof:  ( 'R.{W\ ) C 'R-{W\  V W2),Cl)  is  a thalf-sided  modular  inclusion  and 
( {IZ(W2 ) C IZ{W\  V W2),Cl ) is  a -half-sided  modular  inclusion.  We  can  apply  Theo- 
rem 2.4.1,  since  Cl  is  cyclic  for  H(Wi)  fl  IZ(W2)  D H(Wi  fl  W2)  (note  that  Wx  D W2 
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is  a wedge). 

We  denote  by  Ka<b  the  double  cone  with  vertices  a,  b £ R4,  where  a — b is  a 
timelike  vector. 

Theorem  2.4.4:  Under  the  assumptions  of  Theorem  2-4-3,  we  set 

7 Z(K)  = rVcw'€w'7?.(W0 

for  double  cones  K . If  Ka<b,  KCyd  are  double  cones  such  that  c £ Ka tb,  b £ Kc<d,  and 
0 is  cyclic  for  K(KCtb)  = H(Ka<b  D Kc>d),  then 

n(Ka<bnKc>d)  = 'R(Ka,b)nn(KCtd). 

In  two  dimensions  this  relation  even  holds  for  arbitrary  pairs  of  double  cones  with 
nontrivial  intersection. 

Proof:  Note  Ka>b  D KCid  = Kc>b  and  use 

n(wlnw2)  = n{wl)nn(w2)  (2.4.1) 

for  coherent  wedges  Wi,  W2  £ W.  In  two  dimensions  each  double  cone  algebra  is  the 
intersection  of  two  wedge  algebras.  The  claim  can  be  proven  in  this  case  if  we  use 
(2.4.1)  and  isotony  for  wedge  algebras  (there  are  several  cases  to  consider  depending 
on  the  relative  position  of  the  double  cones). 

2.5  Conformal  Quantum  Field  Theory 

First  we  show  how  the  results  of  Section  2.4  can  be  applied  to  derive  additivity 
for  interval  algebras  in  algebraic  quantum  field  theories  on  the  circle.  We  consider 
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a net  of  von  Neumann  algebras  71(1)  indexed  by  proper  open  intervals  I c S1  and 
acting  on  a Hilbert  space  71.  We  assume  isotony  and  that  the  vector  € 7i  induces 
a vacuum  state,  which  is  cyclic  and  separating  for  the  algebras  71(1).  The  latter 
assumption  can  be  derived  from  locality  and  the  positivity  of  energy.  We  denote 
by  A / the  modular  operators  of  the  pairs  (71(1),  0).  Note  that  we  obtain  half-sided 
modular  inclusions  (7Z(I\)  C 7?.(/2),fi)  if  0 ^ /i  C I2  are  proper  open  intervals  with 
a common  endpoint  [7].  The  following  theorem  was  already  proven  in  [23]. 

Theorem  2.5.1:  Let  /i,/2  C S 1 be  open  intervals  with  nontrivial  intersection  such 
that  Ii  U h is  a proper  interval.  Then 

7l(h  U I2)  = 71(h)  v 71(h) , 7l(h  n I2)  = 71(h)  n 71(h) 


Proof:  Theorem  2.4.1  and  Corollary  2.4.2 

Remark:  The  conclusion  in  Theorem  2.4.1,  resp.  Corollary  2.4.2,  is  in  general  not 
true  if  fl  is  not  cyclic  for  Af+  D W_,  resp.  if  0 is  not  separating  for  M+  V M-. 

Proof:  Consider  open,  non-empty  intervals  /i,/2  C S 1 such  that  7,  D /2  = 0.  There 
are  proper  intervals  J\  ^ J2  which  contain  I\  and  /2  and  have  common  endpoints 
with  h and  /2,  i.e.,  such  that  (71(h)  C 71(h),  Tl)  are  half-sided  modular  inclusions 
for  k,  l = 1,2.  However, 


71(h)  = 71(h)  V 71(h)  = 71(h) 


is  impossible  for  a nontrivial  net. 
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Remark:  The  isometry  U in  Proposition  2.3.1  is  not  necessarily  unitary. 

Proof:  We  assume  that  the  isometries  in  Proposition  2.3.1  are  unitary  and  derive  a 
contradiction  in  this  setting  of  conformal  quantum  field  theory.  Consider  two  proper 
open  intervals  1 i, /2  such  that  /ifl/2  consists  of  two  disjoint,  non-empty  intervals  A,  B. 
We  denote  by  Aaub  the  modular  operator  of  (Tl(A)  V 7 1(B),  fl).  Using  the  + half- 
sided modular  inclusion  ('R-(A)  C 7£(/i),fI)  and  the  + half-sided  modular  inclusion 
(7 Z(B)  C ^(/x),!))  we  can  conclude  from  Proposition  2.3.1  that  A^uBA Jj‘*  converges 
strongly  for  t — >•  00  and  for  t — > —00.  Similarly,  it  follows  that  A'^gAj^  converges 
strongly  for  t -4  00  and  t -4  — 00.  Since  we  assume  that  the  limit  points  are  unitary, 
this  implies  the  strong  convergence  of 

(a^a-Ya^a^  = a£a72*‘ 

for  t — y 00  and  for  t -4  —00.  Choose  a proper  interval  /3  3 Ix  such  that  (7£(/i)  C 
7£(/3),f2)  forms  a nontrivial  half-sided  modular  inclusion.  By  using  the  same  argu- 
ments as  above,  we  can  show  the  strong  convergence  of  A^Aj*1^  D I 3 3 /2  fl  /x 
consists  of  two  disjoint,  non-empty  intervals),  resp.  of 

(A£A7*)(A*A7“)  = AjA^*, 

for  t -4  00  and  t — > —00.  Since  (7?.(/i)  C 7£(/3),fl)  forms  a half-sided  modular 
inclusion,  there  is  a group  V{t)  with  positive  generator  such  that  either 

Ai\  Aj*  = V(e2,rt  — 1) 
or 


AgAj"  = V(l-e~M) 

[40,  42].  In  any  case  we  can  conclude  that  V(s)  converges  strongly  for  s -4  00  or  for 
s — >•  — 00.  Since  we  assume  that  the  limit  is  a unitary  operator,  we  obtain  the  strong 
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convergence  for  s — >■  oo  and  for  s — >■  — oo,  i.e., 

V(a)  = lim  V(s  -f  a)V(— s)  = lim  V(s a)(  lim  VYs))*  = 1 

3-400  3— fco  3-400 

for  all  a 6 R,  resp.  that 

K(h)  = v(u)n(i3)v(;i)  = x(/3), 

which  is  impossible  for  a nontrivial  net. 

Now  we  will  consider  conformal  quantum  field  theories  in  at  least  two  dimen- 
sions. 

Lemma  2.5.2:  Suppose  that  K,  is  a set  of  regions  in  Minkowski  space  which  contains 
the  set  of  double  cones  and  which  is  invariant  with  respect  to  the  identity  component 
of  the  conformal  group.  Let  {7 Z(K)}xeic  be  a net  of  von  Neumann  algebras  acting  on 
a Hilbert  space  H.  We  assume  that  0 is  cyclic  and  separating  for  wedge  algebras  and 
that  there  is  a representation  of  positive  energy  of  the  identity  component  of  the  con- 
formal group  which  acts  geometrically  correctly  on  the  net  and  leaves  the  vector  Q,  in- 
variant. Let  Katb  be  a double  cone  and  c e Kayb  \{o,  b}.  Then  (7 Z{Ka>c)  C U(Katb),  0) 
is  a -half-sided  modular  inclusion  and  (TZ(KCtb)  C 7l(Ka)b),  0)  is  a -hhalf-sided  mod- 
ular inclusion. 

Proof:  We  only  show  that  (fR.{KatC)  C lZ(Kaib),Ll)  is  a -half-sided  modular  inclusion, 
since  the  other  case  follows  similarly.  We  can  assume  a — 0.  The  conformal  group 
leaves  the  metric  diag(l,  —1,  —1,  —1,  —1, 1)  invariant  (see  e.g.  [26,  1.2]).  It  is  not  dif- 
ficult to  show  that  diag(l,  — 1,-1,— 1,-1, 1)  is  an  element  of  the  identity  component 
of  the  conformal  group,  which  acts  on  R4  as  S : x i-4  Tx/(x,  x),  where  the  metric  on 
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Minkowski  space,  resp.  (•,  •),  is  given  by  diag(l,  -1,-1,  —1)  and  where  we  denote  the 
time  inversion  by  T.  Let  Vz  be  the  forward  light  cone  with  vertex  z.  S maps  K0,b  and 
Ko,c  onto  the  forward  light  cones  Vs(b)  and  Vs(c)  (consider  the  boundary  of  the  double 
cones  and  note  that  S maps  lightlike  x,  resp.  d(— Vo),  to  infinity  and  dK0<b\d(-V0), 
resp.  dK0lC\d(—Vo),  to  resp.  5Vs(c))-  Since  Vs(c)  C Vs(b),  there  is  a translation 

by  a non-spacelike  vector  y which  maps  Vs(6)  onto  Vs(c).  According  to  [7],  the  modu- 
lar group  of  TZ(Vs(b))  acts  on  the  one-parameter  group  of  translations  in  the  direction 
of  y as  dilatations  and  ^(V^c))  C 7 £(VS(t)),  ^),  resp.  (Tl(KayC)  C 7£(/fa, is  a 
-half-sided  modular  inclusion. 

Theorem  2.5.3:  Suppose  that  K.  is  a set  of  regions  in  Minkowski  space  which  con- 
tains the  set  of  double  cones  and  which  is  invariant  with  respect  to  the  identity  com- 
ponent of  the  conformal  group.  Let  {7 Z(K)}keic  he  a net  of  von  Neumann  algebras 
acting  on  a Hilbert  space  H.  We  assume  that  f l is  cyclic  and  separating  for  wedge 
algebras  and  that  there  is  a representation  of  the  identity  component  of  the  conformal 
group  of  positive  energy  which  acts  geometrically  correctly  on  the  net  and  leaves  the 
vector  Q invariant.  If  Kaib,  KCyi  are  double  cones  such  that  c (E  Ka>b  and  b (E  KCyd, 
then 

7 l(Ka,b)  V n(KCyd)  = 7 l(Ka4)  and  7 Z(KaJb)  D K(Kc,d)  = H(KcJb) 

Proof:  fl  is  cyclic  and  separating  for  wedge  algebras  and  hence  for  double  cone  al- 
gebras. (7 Z(Kayb)  C V,{Kayd),Ll)  is  a j; half-sided  modular  inclusion  and  (fR,(KCyd)  C 
^■{Kayd)i^t)  is  a ^half-sided  modular  inclusion.  Theorem  2.4.1  entails  7 Z(Ka>b)  V 
7l(KCyd)  = TZ(Kayd).  The  other  claim  follows  similarly. 
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Corollary  2.5.4:  Suppose  that  JC  is  a set  of  regions  in  Minkowski  space  which  con- 
tains the  set  of  double  cones  and  which  is  invariant  with  respect  to  the  identity  com- 
ponent of  the  conformal  group.  Let  {R.(K)}k£K  he  a net  of  von  Neumann  algebras 
acting  on  a Hilbert  space  H.  We  assume  that  fl  is  cyclic  and  separating  for  wedge 
algebras  and  that  there  is  a representation  of  the  identity  component  of  the  conformal 
group  of  positive  energy  which  acts  geometrically  correctly  on  the  net  and  leaves  the 
vector  H invariant.  If  O € K,  contains  a timelike  curve  joining  a,b  € O,  then 

n(Ka,b)  c k(0). 


Proof:  Let  7 : [0, 1]  O be  a timelike  curve  with  7(0)  = a and  7(1)  = b.  Cover 
7((0, 1))  by  a finite  number  of  double  cones  which  are  contained  in  O and  such  that 
their  vertices  lie  on  7([0, 1])  (in  particular,  a , resp.  b,  is  a vertex  of  one  double  cone). 
Then  we  can  repeatedly  apply  Theorem  2.5.3. 

Theorems  which  are  similar  to  the  preceding  corollary  were  already  derived 
for  Wightman  fields  [3,  6].  The  proofs  could  also  be  applied  to  our  setting.  However, 
we  would  have  to  assume  in  addition  an  additivity  assumption  on  the  net. 


CHAPTER  3 

GEOMETRIC  MODULAR  ACTION  ON  MINKOWSKI  SPACE 


In  this  chapter  we  want  to  consider  nets  of  von  Neumann  algebras  over 
Minkowski  space.  We  will  assume  suitable  conditions  which  allow  the  derivation 
of  spacetime  symmetry  groups  and  their  corresponding  representations  with  the  help 
of  the  modular  objects  of  the  von  Neumann  algebras.  Motivated  by  the  results  of 
Bisognano  and  Wichmann  [4,  5]  we  choose  the  set  of  wedges  W and  consider  a net 
of  von  Neumann  algebras  {7£(W)}w6w,  which  satisfies  the  CGMA.  We  obtain  W by 
applying  elements  of  the  Poincare  group  to  the  standard  wedge 

Wr  = {x  € R4  | xi  > |x0|}. 

In  addition,  we  will  assume  further  purely  algebraic  conditions,  which  will  imply  that 
the  modular  conjugations  of  the  pairs  (7£(VU),fI)  act  as  point  transformations. 

Strong  Condition  of  Geometric  Modular  Action:  Let  {' R(W)}wew  be  a 

net  of  von  Neumann  algebras,  which  act  on  a Hilbert  space  H and  let  0 € 'H. 
({7£(VU)}w'€W)  fl)  satisfies  the  strong  CGMA  if  the  following  conditions  are  satisfied. 

(i)  W •->  1Z{W)  is  an  order-preserving  bijection. 

(ii)  Si  is  cyclic  and  separating  for  V-{Wi)  fl  7 Z(W2),  Wi,  W2  € W,  if  W\  fi  W2  ^ 0. 

(Hi)  If  SI  is  cyclic  and  separating  for  K(Wi)f]K(W2),  Wi,  W2  € W,  then  WiDW2  / 

0. 


28 


29 


(iv)  The  adjoint  action  of  the  modular  conjugations  Jwx,  W\  £ W,  of  the  pairs 
(7?.(VKi),  ft)  leaves  the  net  {'R.(W)}wew  invariant,  i.e. 

jWln(w)jWl  = n{w2)  vw;wi€>v 

anrf  suitable  W2  £ W. 

It  is  remarkable  that  these  natural  conditions  can  be  stated  on  arbitrary  space- 
times.  Hence,  we  consider  the  strong  CGMA  as  a selection  criterion  for  physically 
interesting  states  on  general  spacetimes. 

Note  that  the  modular  conjugations  Jw  of  (7£(W),H)  are  well-defined  (see 
(ii)).  The  lack  of  symmetry  in  conditions  (ii)  and  (iii)  is  introduced  in  order  to  admit 
certain  massless  theories,  in  which  H can  be  cyclic  and  separating  for  Tl(Wi) C\1l(W2) 
even  if  W\  fl  W2  = 0 (in  these  examples,  this  can  occur  for  unbounded  W\  fl  W2). 

The  strong  CGMA  entails  that  the  modular  conjugations  of  wedge  algebras 
act  as  Poincare  transformations  (Theorem  3.1.3).  If  their  action  is  transitive  on 
the  net,  we  can  recover  the  same  action  of  the  modular  conjugations  as  in  [4,  5]. 
With  the  help  of  an  additional  assumption  we  can  derive  then  a strongly  continuous 
representation  of  the  proper  Poincare  group,  which  acts  geometrically  correctly  on 
the  net  {7 £(VP)}wew  (Theorem  3. 5. 3. 2,  Theorem  3. 5. 3. 4). 

We  will  also  consider  other  versions  of  the  strong  CGMA,  i.e.,  instead  of  (iv), 
we  will  assume  that  only  even  products  of  modular  conjugations,  resp.  that  the 
elements  of  the  modular  groups  of  (7£(W),0),  have  a geometric  action. 

We  will  repeatedly  use  that  an  (anti)unitary  U which  satisfies 

UTl(W)U*  = 7l(W)  and  USl  = ft 

commutes  with  the  modular  objects  of  the  pair  (7?.(W),H).  This  uniqueness  of  the 
modular  objects  follows  easily  from  their  definition.  In  particular,  we  can  conclude 
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that  elements  of  J whose  adjoint  action  leaves  the  net  pointwise  fixed  lie  in  the  center 
of  J.  Hence,  J is  a central  extension  of  a subgroup  of  the  Poincare  group,  since  the 
elements  of  J act  as  Poincare  transformations  (Theorem  3.1.3). 

In  the  following  we  will  denote  by  V the  Poincare  group,  by  V+  the  proper 
Poincare  group,  and  by  V\  its  identity  component.  Let  C+  and  C\  be  the  corre- 
sponding subgroups  of  the  Lorentz  group  C. 

3.1  Biiections  of  Wedges 

We  will  consider  bijective  maps  r : W »->■  W which  satisfy  the  following 
properties: 

(A)  Wi,  W2  € W satisfy  W\  fl  W2  = 0 if  and  only  if  t(W\)  D t(W2)  = 0. 

(B)  Wi,  W2  € W satisfy  W\  C W2  if  and  only  if  t(Wi ) C t(W2). 

We  will  use  the  notations 

*11  =(1,±1,0,0)T,  /2±  = (1,0,  ±1,0)T,  l3±  = (1,0,0,  ±1)T. 

For  linearly  independent  lightlike  vectors  li,l2  in  the  forward  lightcone  and  arbitrary 
a € R4,  wedges  can  be  defined  by 

W[/i,  l2,  a]  = {all  + 0l2  4-  /■*■  + a | a > 0,  (3  < 0,  (/"*",  l\)  = (/“*”,  ^2)  = 

where  the  scalar  product  means  the  Minkowski  space  product. 

The  following  two  lemmas  will  justify  our  interest  in  bijections  which  satisfy 
(A)  and  (B). 

Lemma  3.1.1:  Let  r be  a bijection  on  W which  fulfills 


Wi  n w2  = 0 t(Wi)  n t(w2)  = 0 vwu  w2ew 


(3.1.1) 
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and 


Wi  C W2  & t(W1)Ct(W2)  VWuW2  € W.  (3.1.2) 

Then 

wlnw2  = $ =>  T(wl)r\T{w2)  = ^ 

Proof:  Let  Wi,  W2  (E  W be  such  that  WiC\W2  = 0 and  Wi  fl  iy2  7^  0.  We  have  to 
show  t(W1)  fl  t(W2)  = 0.  Let  iV  C VTr\Wh  be  convex.  It  is  easy  to  see  that  either 

N nW[l1+,li-,\ll+]  = 0 VA  > 0 or  JVn  W[/1+,/i_,A/i_]  = 0 VA  < 0 

(the  vectors  in  R2  formed  by  the  first  two  components  of  the  elements  of  N are 
either  all  multiples  of  (1, 1)T  or  all  multiples  of  (1,  — 1)T).  There  are  suitable  lightlike 
vectors  /x,/2  and  a vector  d G R4  such  that  Wi  = W[li,l2,d\.  We  have  shown  that 
either  {Wi  fl  W2  C Wi\Wi  is  convex) 

0 = w[iui2,d  + \h]n(wlnW2)  = wWuhd  + xhlnwi  va>o 

or 

0 = w[iui2,d-xi2]r)(W[nwi)  = w[iui2,d-  xi2]  nWj  va  > 0. 

We  set  W(A)  = W[li,l2,d  + A/x]  in  the  first  case  and  W(A)  = W[l\,  l2 , d — A l2]  in  the 
second  case  (A  6 R).  Such  families  of  wedges  were  called  characteristic  in  [18].  Note 

W(A)nW2  = 0 VA  > 0.  (3.1.3) 

There  are  suitable  lightlike  vectors  ki,k2,  a vector  d!  6 R4,  and  a function  / : R 1-4  R 
such  that  either 


r(W(\))  = W[kl,k2,d'  + f(X)k1]  or  r(W(A))  = W[kuk2,d' - f(\)k2\, 
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since  characteristic  families  are  mapped  onto  characteristic  families  for  (3.1.2)  is 
satisfied  [18,  Lemma  4.1.2].  / is  bijective  and  monotone  increasing  according  to 
(3.1.2),  i.e.,  / is  continuous.  Then  (if  r(VF(A))  = W[kuk2,d'  + /(A)A?i]) 


t(Wi)  D t(W2) 


W[ki,  k2,d'  + /(O)fci]  D t(W2) 
{U\>0W[ki,k2,  d'  + f(\)ki])  n t(W2) 
UA>o(W[fci,  k2,  d'  -f  f(X)ki]  D t(W2)) 


Ua>o(t'(LK (A))  D t(W2)) 

(3.1.iy3.1.3)  ^ 


The  case  t(VF(A))  = W[k\,  k2,  d'  — /(A)A:2]  follows  similarly. 


Lemma  3.1.2:  Assume  that  the  strong  CGMA  is  satisfied.  The  bijections  on  W 
induced  by  the  adjoint  action  of  modular  conjugations  of  wedge  algebras  fulfill  (A) 
and  (B). 


Proof:  The  modular  conjugations  of  wedge  algebras  are  unitary  and  leave  f l fixed. 
For  arbitrary  Wi,  W2  (E  W,  the  set  fl  7 £(VF2))fi  is  dense  in  if  and  only  if 

JwWWi)  n K(W2))SI  = ((Jwn(w1)Jw)  n (JwK(w2)jw)){i 

is  dense  in  U.  Furthermore,  Att  ± BQ,  for  A,  B <E  K{W{)  fl  %{W2)  if  and  only  if 
JwAJwti  = JwAQ  ^ JwBVl  = JwBJwtt. 


(A)  follows  now  from  Lemma  3.1.1  and  (ii),  (iii)  of  the  strong  CGMA.  (B)  is  evidently 


satisfied. 
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It  will  be  proven  that  a map  r : W 1-4  W which  satisfies  (A)  and  (B)  can 
be  implemented  by  an  element  of  the  extended  Poincare  group  W.  This  result  will 
follow  from  the  known  fact  that  if  a bijection  on  R4  and  its  inverse  preserve  spacelike 
separation,  then  this  map  acts  as  an  element  of  the  extended  Poincare  group  [2], 

Theorem  3.1.3:  Assume  that  r : W —►  W is  bijective  and  fulfills  (A)  and  (B).  Then 
there  exists  an  element  S of  the  extended  Poincare  group  TXP  such  that 

tW  = {(S(x)|a:  £ W}  for  W € W. 

If  t is  an  involution,  then  8 is  an  element  of  the  Poincare  group  V. 

The  theorem  will  be  proven  in  several  steps.  The  conclusion  in  Theorem  3.1.3 
was  already  obtained  in  an  old  version  of  [18]  by  assuming  (A), 

(C)  t(W')  = t(W)',  for  all  W eW, 
and  the  following  condition  which  is  stronger  than  (B): 

Wi,  w2,  W £ W satisfy  WiClW^CW  t(Wi)  D r(VP2)  C r(W) 

For  each  lightlike  vector  1^0  and  c £ R,  characteristic  hyperplanes  can  be 
defined  by 

Hc[l]  = {1  G R4  | (a;,  /)  = c}. 

A pair  (VFi,1T2)  of  wedges  with  trivial  intersection  will  be  called  maximal  if 
there  is  no  wedge  W properly  containing  W\,  respectively  W2,  such  that  W f)  W2  — 0, 
respectively  D W = 0.  If  a bijection  r : W ^ W fulfills  (A)  and  (B),  then  the 
maximality  of  a pair  of  wedges  is  preserved  under  r.  This  fact  will  play  a fundamental 
role  in  the  proof  of  Theorem  3.1.3. 
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Note  the  following  result  already  obtained  in  [18,  Lemma  4.1.2,  Lemma  4.1.8] 
(characteristic  families  of  wedges  were  defined  in  the  proof  of  Lemma  3.1.1). 

Lemma  3.1.4:  Let  T be  a characteristic  family  of  wedges.  If  (B)  is  satisfied,  then 
tT  is  again  a characteristic  family.  The  half-space  U we^riW)  depends  only  on  the 
half-space  Uiy^W  if  (A),  (B),  and  (C)  are  fulfilled.  In  particular,  r induces  then  a 
bijection  on  the  set  of  characteristic  hyperplanes,  which  we  also  call  r. 

In  order  to  be  able  to  apply  Lemma  3.1.4  we  have  to  show  that  (C)  is  a 
consequence  of  (A)  and  (B)  (Corollary  3.1.8). 

We  need  a characterization  for  the  maximality  of  a pair  of  wedges.  Given 
a pair  (Wi,W2)  such  that  we  cannot  obtain  W2  from  Wx  or  W[  by  a translation, 
i.e.,  such  that  W2  is  neither  coherent  to  W\  nor  to  W[,  there  is  a Poincare  trans- 
formation L mapping  Wx  onto  WR  and  W2  onto  a wedge  W[l2+,  (1,  a,  b,  c)T,  d],  resp. 
W[l2+,(l,a,b,c)T,d\',  for  suitable  a,b,c  € R with  a2  + 62-f  c2  = 1,  b ^ 1,  and  d e R4. 
Therefore,  we  will  consider  the  pair  (LWy,  LW2)  and  determine  under  which  condi- 
tions this  pair  is  maximal  (Lemma  3.1.6). 

Lemma  3.1.5:  Let  P : R4  1-4  R2  be  the  projection  onto  the  first  two  components 
and  Wj  = W[l2+,  (1,  a,  b,  c)T,  d\  (a,b,ceR,  de  R4,  b ± 1,  a2  + 62  + c2  = 1).  Then 
PWi  = R2  for  b < 0 or  c 0.  In  the  other  case,  i.e.,  if  0 < b < 1 and  c = 0,  we 
obtain 

1-6' 


PWX  = {x  € R2|(a:  - Pd)T 


—a 


>0}. 
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Proof:  Without  loss  of  generality  we  can  assume  d = 0.  We  know  (1  — i>  ^ 0) 


PWi  = P{al2+  + /?(l,a,i>,c)T  + s(c,0,c,  1 — b)T 

+t(a,  1 - 6,  a,  0)T|a  > 0,  (3  < 0,  s,  t € R} 
T\  „/l\  / c\  ( a 


= {a{o)+\)+\o)  + t{i-k)'a>0’P<0’‘’teV- 

This  shows  PWX  = R2  for  c ^ 0 (1  — b / 0),  i.e.,  we  can  restrict  ourselves  to  c = 0. 
C_a)  *s  a normal  vector  of  the  line  {f (j“&) G R}.  The  claim  follows  now  easily  with 

(o(l,0))^  a ) = _ ^ > ^or  Q > 

and  (c  = 0) 

(/3(l,a))^~f)  = /?(1  - b—  a2)  = f)(b2-b),  /?  < 0, 
which  is  nonnegative  for  0 < b < 1 and  negative  for  b < 0. 


Lemma  3.1.6:  The  wedges  WR  = W[/1+,/!_,0]  and  Wx  = W[l2+,  (1,  a,  6,  c)T,  d] 
(a,b,ce  R,  de  R4,  6/  1,  a2  -f  b2  + c2  = \)  are  maximal  with  trivial  intersection  if 
and  only  t/0<a<l,0<6<l,c  = 0,  and  d = 0 modulo  vectors  whose  associated 
translations  leave  WR  or  W\  fixed. 

The  statement  is  still  true  if  we  replace  by  W[  and  the  condition  0 < a < 1 
by  —1  < a < 0 or  also  if  we  replace  l2+  by  /2_  and  0 < b < 1 by  — 1 < b < 0. 


Proof:  Note  that  x € PWR  (see  Lemma  3.1.5  for  the  definition  of  P)  if  and  only  if 


x 


for  suitable  a,  (3  > 0. 


(3.1.4) 


WR  is  invariant  with  respect  to  translations  by  vectors  which  are  multiples  of  (0, 0, 1, 0)T 
and  (0,0,0, 1)T,  i.e.,  WR  fl  W\  = 0 if  and  only  if  PWR  fl  PW\  = 0.  According  to 
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Lemma  3.1.5,  PWrOPWi  = 0 is  equivalent  toc  = 0,  0 < 6 < 1 ( PWX  is  a half-plane) 
and  (use  (3.1.4)) 


< 0 Va,/?>  0,  (3.1.5) 

i.e.,  to  c = 0,  0 < 6 < 1,  -(Pd) T(1_-i>)  < 0, 

l-b-a  = (l,l)rJaJ  < 0 (3.1.6) 

and 

-l  + b-a  = “(1,-1) yla)  ^ °-  (3.L7) 

Therefore,  Wr  D Wi  = 0 is  equivalent  to  c = 0,  0 < b < 1,  -(Pd)T(1Ja6)  < 0,  and 
a,b  > 0.  Note  that  a,  b > 0 and  c — 0 imply  a > 0 (b  ^ 1). 

Assume  first  the  maximally  of  (Wr,  W^.  Then  -(Pd)T  (^)  < 0 and  (3.1.4) 
- (3.1.7)  entail 

(x-Pdf^-*')  < ~(Pd)T('~ab'\  < 0,  (3.1.8) 

for  x G PWr.  The  maximality  implies 

-(JP<i)T(1Ja6)  = 0 (3.1.9) 

(if  not,  we  could  obtain  a wedge  which  properly  contains  W\  and  also  possesses  trivial 
intersection  with  Wr  by  choosing  a different  d such  that  (3.1.8)  is  still  fulfilled),  i.e., 
Pd  is  a multiple  of  (j“6)  = P(a , 1 — b,  a,0)T.  Therefore,  d is  a linear  combination  of 
(a,  1 — b,  a,  0)T,  (0, 0, 1, 0)T,  and  (0, 0, 0, 1)T  and  d is  of  the  stated  form. 

We  still  have  to  exclude  6 = 0.  6 = 0 would  entail  a = 1 and  that  Wu  re- 
spectively PWi , is  invariant  with  respect  to  translations  by  multiples  of  (1, 1, 1,0)T, 
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respectively  P{  1, 1, 1, 0)T  = (J).  If  we  translate  the  pair  (WUWR)  by  -(1, 1, 1, 0)T,  we 
get  a pair  (Wj,  W2)  with  trivial  intersection  such  that  W2  = W[li+,l x_,  ( — 1,  —1,0, 0)T] 
properly  contains  WR.  This  contradicts  the  maximality  of  (Wu  WR). 

Assume  now  that  Wx  is  of  the  stated  form.  We  already  know  Wx  n WR  = 0 
(see  above).  It  remains  to  prove  the  maximality.  According  to  the  assumptions, 
(3.1.9)  is  true.  Furthermore,  (3.1.6)  and  (3.1.7)  are  fulfilled  with  < replaced  by  <. 
Every  wedge  W3  which  contains  WR  is  obtained  from  WR  by  a translation  by  a vector 
-a0/i+  + a0, & > 0.  For  W3  ^ WR , i.e.,  for  a0  ^ 0 or  /30  ^ 0,  (3.1.6)  and 

(3.1.7)  (<  replaced  by  <)  imply 


The  vertex  of  PW3  lies  in  PWx  (Lemma  3.1.5  and  (3.1.9)),  i.e.,  PW3  D PWX  ± 0, 
respectively  W3f)Wi  ± 0.  Similarly,  it  follows  that  we  cannot  replace  Wx  by  a wedge 
containing  Wx  and  still  having  trivial  intersection  with  WR. 

In  order  to  prove  the  last  statement  consider  the  transformed  wedges  under 
suitable  reflections. 

We  can  also  give  a coordinate  independent  characterization  of  maximal  pairs 
of  wedges.  Since  we  will  not  use  the  following  remark,  we  refrain  from  giving  the  proof. 


linearly  independent  future-directed  lightlike  vectors  in  R4)  is  maximal  iff 


\lx  + fil3  = X'l2  -\- 


where  A,  A , /z,  //  >0  and  dx  = d2  modulo  vectors  whose  associated  translations  leave 
W[lx,l2,dx\  or  W[l3,l4,d2]  fixed. 
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Lemma  3.1.7:  Let  Wi,W2  € W be  arbitrary.  W2  C W[  if  and  only  if  the  two 
standard  families  T\  and  T2  containing  W2  fulfill  fl  W = 0 VW 

Proof:  see  [18,  Lemma  4.1.4] 

Corollary  3.1.8:  A bijection  r : W t-4  W which  fulfills  (A)  and  (B)  also  fulfills  (C). 
Proof:  Lemma  3.1.4  and  Lemma  3.1.7  entail 

t(w')  c r(wy  viPew. 

The  claim  follows  by  using  the  same  relation  for  r_1. 

For  each  Lorentz  transformation  L we  will  call  the  induced  bijection  on  W, 
respectively  on  the  set  of  characteristic  hyperplanes,  also  L. 

Lemma  3.1.9:  Let  t : W i->  W be  a bijection  that  fulfills  (A)  and  (B),  i.e.,  r induces 
a bijection  on  the  set  of  characteristic  hyperplanes,  and  let  /i,/2,/3, /4  be  lightlike 
vectors  which  are  linearly  dependent  but  pairwise  linearly  independent.  Then 

n*=1TH0[li]  = DitkTHolli],  for  A;  = 1,2, 3, 4. 


Proof:  Note  that  for  a maximal  pair  of  wedges  k2,  di],  W[k3,  k4,  d2])  {di,d2  € 

R4,  kuk2,  resp.  k^,k^,  linearly  independent  in  the  forward  lightcone)  and  suitable 
ci,c2,c3,c4  G R which  are  chosen  such  that  HCl[ki]  and  Hc^[k2],  resp.  HC3[k3]  and 
Hc 4 [A:4],  are  the  characteristic  half-planes  determining  W[ki,  k2 , dx],  resp.  W[k3 , k4,  d2], 

nUHcM  = ^jHCi[ki],  for  j = 1,2, 3, 4 (3.1.10) 
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(see  the  remark  preceding  Lemma  3.1.5;  Lemma  3.1.6).  By  considering  tL  for  a 
suitable  Lorentz  transformation  L we  can  assume  li  = /1+,  l2  = /i_,  l3  = l2+  and 
U = (1,  a,  b,  0)T,  for  suitable  a,  b £ R with  a2  + b2  = 1.  If  the  pair  ( WR , W[l2+,  /4, 0]), 
resp.  (Wr,  W[l2+,U,0]'),  is  maximal,  the  claim  follows  from  (3.1.10),  i.e.,  without 
loss  of  generality  b < 0 (Lemma  3.1.6).  b = 0 is  excluded,  since  l\,  l2 , /3,  /4  are  pairwise 
linearly  independent.  Set  l = ( 1 , ^ 0)T.  Using  (3.1.10)  and  the  maximal  pairs 
(VLh,  W[l2+, /,  0])  and  (VU[/2+,  l2-,  0],  VU[/1+, /,  0])  we  conclude 

n?=1Ti/o[/<]  = rH0[il+)  n r/fo[/i-]  n tH0[i2+\ 

= tH0[Ii+]  n tH0[Ii-\  n tH0[i2+\  n tH0[1] 

= Tf/o[^i+]  n t Hq\i]  n t Ho[i2+] 

= tH0[Ii+\  n tHo[1]  n tH0[i2+]  n tH0[i2_] 
c tHo[12-\, 

i.e.  (if  /4  is  not  a multiple  of  /2_,  (Wr,W[12-,14,  0]),  resp.  (WR,  IU[/2_,  /4, 0]'),  is 
maximal  because  of  b < 0 and  Lemma  3.1.6), 

n?=1rf/o[/,]  c rHo[i1+]  n THo[h-\  n tH0[i2-] 

= tH0[Ii+]  n r H0[ii~]  n tHq[i2_]  n tH0[U] 

C tH0[U]. 

Therefore, 

n?=1rtf0[/,-]  = nf=1r//0[/,]. 


Lemma  3.1.10:  If  r : W i-4  W is  bijective  and  fulfills  (A)  and  (B),  then  fl itH0[1] 
(1^0  are  the  lightlike  vectors)  is  a singleton  set. 


40 


Proof:  There  are  lightlike  vectors  ku  k2,  k3,  k4  and  cu  c2,  c3,  c4  G R such  that  tH0[Ii+]  = 
tfciN,  T Ho[li-}  = HCi[k 2],  t H0[l2+]  = /fC3[/i:3]  and  tH0[13+]  = HC4[k4].  According 
to  Lemma  3.1.4,  r,  resp.  r_1,  maps  parallel  characteristic  hyperplanes  onto  paral- 
lel characteristic  hyperplanes  (use  (B)).  Hence,  there  are  61,62,65,64  € R such  that 
rHbl[li+ ] = H0[ki],  THb2[li_\  = H0[k2],  rHb3[l2+ ] = and  THb4[l3+]  = H0[k4].  If 

ki,k2,k3,k4  would  be  linearly  dependent,  then  also  /1+,  /i_,  /2+,  /3+  (Lemma  3.1.9  for 
r_1).  Thus,  k4,k2,k3,k4  are  linearly  independent,  i.e.,  n4=1  HCi  [fc,-]  is  a singleton  set. 
An  arbitrary  lightlike  vector  k ^ 0 is  a linear  combination  of  /3+  and  two  lightlike 
vectors  /x,/2  with  trivial  x3-component.  According  to  Lemma  3.1.9  (if  /i,/2,/3+,  k are 
not  pairwise  linearly  independent,  then  k is  a multiple  of  /x,  l2  or  /3+), 

T Ho[li]  n tH0[12 ] fl  tH0[13+]  C rH0[k] 

and  also 

tH0[Ii+]  fl  tHq[IiJ\  D tH0[12+]  C rH0[lj],  for  j = 1,2. 

This  proves  the  claim  because  of 

nUMki]  = t H0[l4+]  D t Hq[Ii~]  n r Ho[l2+]  D r H0H3+]  C rHo[k], 
for  arbitrary  lightlike  k ^ 0. 

Proof  of  Theorem  3.1.3:  Let  Tx  be  the  translation  by  x on  R4  for  arbitrary  x 6 R4. 
Define  8 : R4  t-*  R4  by 

{*(*)}  = f|  tTxH0[1\,  for  x e R4. 

//0  lightlike 

8 is  well-defined  (Lemma  3.1.10  for  tTx).  To  arbitrary  W0  £ W and  y € W0  there 
is  a wedge  W\  C Ho  such  that  y is  in  the  edge  of  W\.  Furthermore,  the  character- 
istic hyperplanes  defining  W0  are  different  from  the  hyperplanes  defining  Wi.  The 
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same  must  be  true  for  tW0  and  rWx , i.e.,  tWx  C tWq.  Let  Hx,  H2  be  the  char- 
acteristic hyperplanes  defining  Wi . There  are  two  characteristic  families  Tx  and  F2 
which  contain  Wi  such  that  Hx  = d(U we^W),  resp.  H2  = d(U wer2W).  tWx  is 
contained  in  tT\  and  tT2,  i.e.,  tHx  = d(U wtr^W)  and  tH2  = 5(Uwer r2W)  are  the 
characteristic  hyperplanes  defining  tW\,  since  there  are  exactly  two  characteristic 
families  (r Tx  and  tT2)  containing  rWx.  The  characteristic  hyperplanes  containing  y 
(Hi  and  H2  belong  to  this  set)  are  mapped  into  the  set  of  characteristic  hyperplanes 
containing  S(y),  i.e.,  8(y)  € tH\  and  8(y)  € tH2.  This  shows  that  8(y)  lies  in  the 
two  characteristic  hyperplanes  defining  t\Vx.  We  can  conclude  8(y)  £ tWx  C t\V0, 
i.e., 


tW  D {£(x)|x  € W}  for  every  W € W.  (3.1.11) 

We  obtain  the  other  inclusion  by  considering  r-1. 

P|  t~1TzHo[1\,  z € tW  arbitrary, 

1^0  lightlike 

is  a singleton  set  in  t~1(tW)  = W (use  (3.1.11)  for  r"1),  i.e.,  in  particular, 
{t~1TzH0[1\\1  7^  0 lightlike}  = {TwH0[l]\l  ^ 0 lightlike}, 
for  a suitable  w € W . 8(w)  is  contained  in  tTwHq[1]  for  arbitrary  lightlike  / ^ 0,  i.e., 

<E  tt~1TxHq\1]  = TzH0[l], 

for  arbitrary  lightlike  / ^ 0.  This  implies  8(w)  = z and  {<£(x)|x  6 W}  = tW . If 
x,y  are  spacelike  separated,  then  there  are  wedges  WX,W2  € W such  that  x € Wx, 
y G W2,  and  Wx  C W 2-  Hence,  r and  r 1 are  bijections  preserving  spacelike  separa- 
tion and  we  can  conclude  that  r acts  as  an  element  of  the  extended  Poincare  group  [2]. 
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3.2  Which  Transformation  Groups  Can  Appear? 

In  the  following  we  will  assume  that  the  modular  conjugations  Jw  of  the 
pairs  (7£(W),D)  act  as  Poincare  transformations  gw  and  that  W i->  7 Z(W)  is  an 
order-preserving  bijection.  This  can  be  derived  from  the  strong  CGMA. 

Denote  the  group  generated  by  {gw  | W e W}  by  Q.  We  want  to  find  the 
possible  groups  Q.  We  will  prove  that  Q = V+,  Q = 10(3),  Q = 10(3)  x Z2, 
Q = 10(3)  x 10(1)  or  Q consists  of  the  transformations  whose  homogeneous  part 
leaves  { ± /},  for  a lightlike  vector  / ^ 0,  invariant  (Theorem  3. 2. 2. 8).  Under  the 
additional  assumption  of  wedge  duality,  we  will  determine  in  Corollary  3. 2. 2. 9 the 
geometric  action  of  the  modular  conjugations,  which  is,  in  each  case,  up  to  the  choice 
of  the  coordinate  system,  uniquely  determined  (only  in  the  case  Q = 10(3)  x Z2, 
there  are,  for  certain  wedges  W 6 W,  two  ways  how  gw  can  act). 

We  can  introduce  a topology  on  W [18,  4.3].  W = V+Wr  is  in  1-1  corre- 
spondence with  the  quotient  space  'P+/Inv'P^(W/j)  (we  denote  by  IxivV^Wr)  the 
subgroup  of  V\  consisting  of  the  elements  which  leave  Wr  invariant).  The  quotient 
topology  on  V\IIo.vV\(Wr)  thereby  induces  a topology  on  W.  In  [18,  Lemma  4.3.2] 
we  assumed  a net  continuity  assumption  which  entails  the  continuity  of  W Jw- 

If  we  assume  wedge  duality  and  the  continuity  of  W »->•  Jw,  then  it  can  be 
shown  that  either  Q = V+  or  Q = 10(3)  (Corollary  3.2.2.10). 

Frequently,  we  will  use  in  the  following  gw^gw2^2  C W\  for  wedges  satisfying 
Wi  C W2.  This  is  a consequence  of 

'R'{gw1gw2W 2)  = Jw1Jw27Z(W2)Jw2Jw1 


= Jw1n(w2yjwl 
c Jw^Wiyjw, 
= n(w1). 


(3.2.1) 
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Similarly,  we  can  prove  gwygw2^2  D Wy  if  Wy  D W2.  Furthermore,  it  will  be 
used  that  gw  commutes  with  the  elements  of  Q which  leave  this  wedge  invariant 
(uniqueness  of  the  modular  objects).  Note  the  following  notations: 

wf'  5 {z  € R"|zt  > |z„|},  fc  = 2, 3 
Let  Ri(a)  be  the  rotation  by  a about  the  z,-axis. 

3.2.1  Two-Dimensional  Minkowski  Space 

First  we  have  to  solve  the  corresponding  problem  in  1 -f  1 dimensions.  Let  Wi 
be  the  set  of  wedges  in  1 + 1 dimensions.  We  assume  that  the  modular  conjugations 
Jw  of  wedge  algebras  act  as  Poincare  transformations  gw  and  denote  the  group  gen- 
erated by  {gw  | W € Wi}  by  (?!. 


Lemma  3. 2. 1.1:  gw,  W € Wi,  is  of  the  following  form 

gwx  = B ^ * ^^z  + B^^  Vz  G R2, 
where  B is  a boost  and  c € R,  or 


where  a 6 R2. 


gwx  = —x  + a Vz  G R2, 


Proof:  The  Lorentz  group  consists  of  elements  of  the  form  By  diag(±l,  +1),  where  By 
is  a boost.  The  claim  follows  from  gw  — 1.  We  only  have  to  exclude 

gwx  - B ^ g1  + VzGR2 

(B  = 1 and  c = 0 for  +).  However,  this  would  imply  gwW  fl  W E Wy  and  that 

K(gwWnw)  c n(gwW)nn(W)  = n{w)'c\n{w) 
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is  abelian.  This  is  impossible,  since  an  abelian  von  Neumann  algebra  with  cyclic 
vector  is  maximally  abelian. 

Lemma  3. 2. 1.2:  Let  {Wn  £ Wi}  and  {14  £ Wi}  be  increasing  sequences  of  wedges 
such  that , for  aW  £ Wu  144,14  C W,  W = U nWn  = U„V„,  and  gWn  ->  gw . This 
implies  gVn  -)■  gw. 

U {Wn  £ Wi}  and  {Vi,  £ Wi}  are  decreasing  sequences  of  wedges  such  that 
W C Wn,  W C 14,  VF  = n„Wn  = n„14,  and  gwn  gw,  then  it  follows  gyn  — > 5rw- 

Proof:  First  we  consider  increasing  sequences.  Note  that  14  C Wm,  resp.  Wn  C Vm, 
for  fixed  n and  sufficiently  large  m.  This  entails  \JnTl(Wn)  = U„7?.(14).  Hence, 
{ Jwn } and  {Jvn}  converge  strongly  to  the  modular  conjugation  of  ((\JnTl(Wn))"  = 
(U„7e(K)),,,«)  [17,  Corollary  A. 2].  We  will  use  this  fact  frequently  in  the  following 
proof. 

We  can  assume  W = Wr.  If  we  replace  {144}  by  a suitable  subsequence,  we 
can  assume 


gvngwnWR  c wR,  (3.2. it) 

since 

gvngwRWR  c 14  c Wr 

and  limn  <7vv„  — v gWR.  Furthermore,  according  to  Lemma  3.2.1. 1,  we  can  assume 

R / +1  ° \ , 

9vngwnx  = £>„(  0 J 1 x + an 

with  boosts  Bn  and  an  £ R2  satisfying  Wr  + an  C WR  (see  (3.2.1. 1)).  Note  that 
there  cannot  be  an  a ^ 0 such  that  for  infinitely  many  n 

WR  c WR  + a c gvngwnWR, 


(3.2.1.2) 
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Lemma  3. 2. 1.3:  Let  B ^ 1 be  a boost.  If  T is  a spacelike  (timelike)  translation, 
then  [B,T]  = B~lT~l  BT  is  timelike  (spacelike).  Furthermore,  to  any  map  of  the 
form  x •->  Bx  + c,  c £ R2,  there  is  a translation  T such  that  Bx  + c = T~lBTx 
Vz  € R2. 

Proof:  There  are  future-directed  lightlike  vectors  /j,/2  such  that  Blk  = \kh  for 
suitable  Ai  > 1,  A2  < 1.  Note  that  cilx  + c2/2,  Ci,c2  € R,  is  spacelike  (timelike)  if 
and  only  if  cxc2  < 0 (cic2  > 0).  If  T translates  by  a spacelike  vector  /,  then  there  are 
a,b  € R such  that  / = alx  + 6/2  and  ab  < 0.  [B,T]  = B~1T~1  BT  is  a translation  by 
l — B~ll  = a(l  — Aj-1)/}  + 6(1  — Aj*)/2,  which  is  timelike.  Similarly,  we  can  treat  the 
case  of  timelike  translations  T . 

It  remains  to  prove  the  last  claim.  Let  a,  6 € R and  T be  the  translation  by 
ali  + 6/2.  We  can  choose  a and  6 such  that  T~xBTx  = Bx  + a(\i  — l)/j  +6(A2  — l)/2  = 
Bx  + c (A*  / 1). 

Lemma  3. 2. 1.4:  Q\  contains  a sequence  of  spacelike  translations  converging  towards 

1. 

Proof:  Set  Wc  = Wr  + c(“)  for  c € R.  By  considering  the  uncountable  set  {Wc  | c € 
R},  we  can  derive  the  existence  of  a sequence  {c„  € R}  such  that  the  cn  are  pairwise 
different  and  {gwCn  } converges  (discrete  subsets  of  the  symmetry  group  are  count- 
able). 

Note  that  (gwCngwCm  )2  are  nontrivial  for  n ^ m,  since  gwCngwCmWCjn  is  con- 
tained in  WCn  C WCm  for  cm  < cn,  resp.  contains  WCn  D WCm  for  cn  < cm. 

( 9wCngwCn+1  )2  provide  either  translations  by  arbitrarily  small  vectors,  which  are  space- 
like ((gwCngwCn+l)2WCn^  C WCn  C WCn+l  for  cn+ 1 < c„,  resp.  {gwCngwCn^fWCn^  D 
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3 WCn+l  for  c„  < cn+1),  or,  by  considering  a suitable  subsequence,  we  can  as- 
sume that  they  are  of  the  form  x 1-4  Bnx  + bn  (Lemma  3. 2. 1.1),  where  the  boosts 
{Bn  ^ 1}  converge  to  1 and  {6„}  converges  to  0.  We  only  have  to  consider  the  latter 
case.  If  we  choose  the  coordinate  system  suitably,  we  can  assume  that  Qi  contains  a 
boost  B / 1 (Lemma  3. 2. 1.3).  This  implies  gwRx  = —x  \/x  6 R2,  since  this  boost 
commutes  with  gwR  (use  Lemma  3. 2. 1.1).  Hence,  (gwRg\Vi  )2  is  a translation  (Lemma 
3. 2.1.1),  which  is  spacelike  ((gwRgw,  )2WX  D\VrD  Wi),  and 

[{gwRgw,  )2,  (gwCngwCn+l  )2]  = [{gwRgw,)2,Bn} 

are  timelike  ( Bn  ^ 1,  Lemma  3. 2. 1.3)  and  converge  to  1 (( gwc„gwc  +1)2  — > 1).  The 
claim  follows  now  from  the  fact  that 

[[(dwRgwi ) ,Bn],Bn]  = [[(gwRgwi ) , (9wCngwCn+l  )2],  (9wCngwCn^1  )2]  € Qi 

are  spacelike  (Lemma  3. 2. 1.3)  and  converge  to  1. 

Lemma  3. 2. 1.5:  The  homogeneous  part  of  gw  is  independent  of  W 6 Wi. 

Proof:  Let  Wo  be  a wedge  such  that  gw0  does  not  act  as  an  inversion  (if  such  a wedge 
does  not  exist,  then  there  is  nothing  to  prove).  gw0  is  of  the  form 

gWox  = ^ x + a, 

where  B is  a boost  and  a € R2  (Lemma  3. 2.1.1).  If  T € Qi  is  a spacelike  translation, 
then  T~1gw0Tgw0  € Q\  is  a translation  by  a nontrivial  vector  (^vvo  commutes  only 
with  translations  in  the  timelike  direction  B( ^)),  which  is  inverted  by  B 
These  transformations  translate  by  spacelike  vectors,  which  can  be  arbitrarily  small 
for  appropriate  choices  of  T e Q\  (Lemma  3. 2.1.4).  Let  u ^ 0 be  a vector  which  is 
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inverted  by  B ^ ^ v is  spacelike,  i.e.  we  can  assume  W0  + v C WQ.  There 

are  nonzero  {sn},  which  decrease  to  0,  such  that  the  translations  by  snv  are  elements 
of  Qi.  Note  the  convergence  of  gw0+Snv  — >•  gw0  ( gw0+snv  can  be  obtained  from  gwa 
by  adjoining  with  the  translation  by  snv,  which  is  contained  in  (?j).  If  {/„}  is  a 
sequence  of  real  numbers  decreasing  to  0,  then  we  can  conclude  gw0+tnv  — > gw0 , 
according  to  Lemma  3. 2. 1.2.  Similarly,  we  can  proceed  if  {fn}  increases  to  0.  Every 
sequence  which  converges  to  0 has  a decreasing  or  increasing  subsequence  {<n},  i.e  a 
subsequence  such  that  gw0+tnV  — » gw0-  This  entails  the  continuity  of  t i->  gw0+tv  at 
t = 0 and,  similarly,  at  any  t 6 R. 

Let  Tt  be  the  translation  by  tv.  Tt  is  an  element  of  Q\  for  t in  a dense  subset 
A of  R and  gWoTtgw0  = T-t.  The  continuity  of  t (->■  gw0+tv  implies 

gw0gw0+tv  = gw0Ttgw0T-t  = T_2t  Vi  e R, 

since  this  is  true  for  t € A.  Therefore,  Gi  contains  all  translations  by  multiples  of  v. 
If  there  would  be  wedges  Wi , W2  € Wi  such  that 

gwkx  = Bk  ^ * _^i  ^ x + Bk  ^ ^ ^ Vx  € R2,  k = 1, 2, 

with  Bi  ^ B2 , then  Q\  would  contain  all  the  translations  in  the  direction  of  Bk{ °), 
k = 1,2  (see  above).  This  is  impossible,  since  we  could  obtain  gw2  by  adjoining  gWl 
with  a suitable  translation,  which  is  an  element  of  Qx  (Gi  would  contain  the  whole 
translation  group). 

It  remains  to  consider  the  following  case.  There  is  a boost  B (fixed)  such  that 
for  any  W 6 Wi  either 

gwx  = ji  + 5^  j Vx  G R2, 

c 6 R,  or 


gwx  = — x + a Vx  € R2, 
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a € R2.  We  can  assume  that  all  translations  by  multiples  of  a spacelike  vector  v , 
which  is  inverted  by  B ^ ^ — 1 ) ’ 3X6  con^a*ne<^  & (see  above).  Let  W be  an  arbi- 
trary wedge  and  w a spacelike  vector  linearly  independent  of  v such  that  W +w  C W. 
Lemma  3. 2. 1.2  entails  gw+tnw  ->  limngrw+tnV  = gw  for  any  sequence  {tn  € R}  de- 
creasing or  increasing  to  0.  This  entails  the  continuity  of  t i-4  gw+tw  at  t = 0 and, 
similarly,  at  any  t € R.  Hence,  gw+tw+sv  = gw+tw  = gw,  modulo  translations,  i.e., 
the  homogeneous  part  of  gw+tw+sv  is  constant. 

Theorem  3. 2. 1.6:  W i->  gw  is  continuous  and  the  homogeneous  part  of  gw  is  in- 
dependent of  W £ Wi . The  translations  in  Q\  form  either  a one-dimensional  group 
of  spacelike  translations  or  the  whole  translation  group.  Furthermore,  Q\  = 10(1)  or 
Qi  is  the  semidirect  product  of  the  two-dimensional  translation  group  and  a group  of 
order  two,  which  is  generated  by  an  inversion. 

Proof:  Let  g0  be  the  homogeneous  part  of  the  involutions  gw-  First  we  consider  the 
case  gox  = —x  Vx  € R2.  We  can  assume  that  Qi  contains  spacelike  translations 
by  vectors  (*"°),  which  converge  to  0 for  n -»  oo  (Lemma  3. 2. 1.4).  By  considering 
a suitable  subsequence,  we  can  assume  that  {tn0/tni}  converges  (|t„o/£ni|  < 1).  It 
is  now  easy  to  see  that  Q\  contains  either  a dense  subset  of  the  whole  translation 
group  or  a dense  subset  of  the  translations  in  the  direction  of  (lim"  W‘ni ).  Note 
that  we  can  assume  in  the  latter  case  that  these  translations  are  spacelike.  We 
consider  the  first  case.  Let  W € Wi  be  an  arbitrary  wedge  coherent  to  Wr.  We 
can  find  increasing  sequences  of  wedges  {Wn}  and  {Vn}  such  that  the  wedges  Wn, 
resp.  Vn , can  be  obtained  from  Wr,  resp.  W,  by  translations  in  Qi  and  such  that 
W — U nWn  = UnK,.  Lemma  3. 2. 1.2  shows  gwn  -»  lim„  gv„  = gw-  Hence,  in  this  case, 
any  gw,  where  W 6 Wi  is  coherent  to  Wr,  can  be  obtained  from  gwR  by  adjoining 


50 


with  the  translation  which  maps  Wr  onto  W.  Similarly,  any  gw,  where  W £ Wi 
is  coherent  to  gwRWn,  can  be  obtained  from  gwR  by  adjoining  with  the  translation 
which  maps  gwRWR  onto  W.  Thus,  W 1-4  gw  is  continuous  and  Qx  is  the  semidirect 
product  of  the  two-dimensional  translation  group  and  a group  of  order  two,  which  is 
generated  by  an  inversion. 

Assume  now  that  Qx  contains  a dense  subset  of  translations  in  the  direction  of 
v — ^iim„ t„0/tnl  f 1-4  gwRgwR+tv  is  continuous  (t  t-4  gwR+tv  is  continuous,  according 
to  the  proof  of  Lemma  3.2. 1.5)  and  gwRgwR+tv  are,  for  i in  a dense  subset  of  R, 
translations  in  the  direction  of  v (gwR  acts  as  an  inversion).  Therefore,  we  obtain  all 
translations  in  this  direction. 

In  any  case  (also  if  the  involutions  gw  do  not  act  as  inversions;  see  the  proof 
of  Lemma  3. 2. 1.5),  we  can  conclude  that  there  is  a spacelike  vector  v such  that 
all  translations  in  the  direction  of  v are  elements  of  Qx.  Again,  we  can  show  that 
t gw+tw  is  continous  for  any  spacelike  w and  any  wedge  W . Let  Ts  £ Qx  be  the 
translation  by  sv.  gw+tw+av  = T,gw+twT~l  shows  that  W i-4  gw  is  continuous. 

If  the  homogeneous  part  of  gw  is  of  the  form  B ^ ^ ^1  ) ’ ^en  we  °^tain 

the  translations  by  vectors  which  are  inverted  by  B ^ ^ ^1  ) ‘ cannot  obtain 

any  other  translations,  since  gw,gw2  is  a translation  of  this  form  for  any  Wx,  W ’2  £ Wi 
(Lemma  3. 2. 1.1).  This  shows  Q\  = 10(1).  If  gw  acts  as  an  inversion,  then  at  least 
a one-dimensional  translation  group  is  contained  in  Qx.  The  continuity  of  W ^4  gw, 
resp.  of  c i-4  gwRgwR+c,  implies  that  we  obtain  either  a one-dimensional  translation 
’group  or  the  whole  translation  group. 


Corollary  3. 2. 1.7:  If  wedge  duality  is  satisfied  and  if  we  choose  the  coordinate 
system  suitably,  then  the  modular  conjugations  act  either  as  the  inversions  about  the 
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vertices  of  the  corresponding  wedges  or  they  act  as  follows 


9wr+(°)X 


Va,fe€  R,Vxe  R2. 


Proof:  By  choosing  the  coordinate  system  suitably,  we  can  assume  that  the  modular 
conjugations  act  by 

( ±1  0 \ 

9Wr+(Dx  = I o 1 x + c, 

with  c € R2.  Wedge  duality,  resp. 

(-t)+c  = »»■*+<»(  6 ) = (b) 

entails  the  claim. 

3.2.2  Four-Dimensional  Minkowski  Space 

Now  we  are  ready  to  consider  the  3 + 1-dimensional  Minkowski  space. 

Lemma  3. 2. 2.1:  Every  involution  g € V acts,  for  a suitable  choice  of  the  coordinate 
system,  as  a diagonal  matrix. 

Proof:  Let  go  be  the  homogeneous  part  of  g.  It  suffices  to  prove  the  claim  for  go, 
since  this  would  entail  that  go  is  conjugate  to  g.  Let  / be  a future-directed  lightlike 
vector  such  that  g0l  ^ tl  (we  can  assume  go  ^ ± 1 ) . We  can  either  conclude 

goW[l,±gQl,  0]  = W[l,±g0l,  0]  or  g0W[l,  ±g0l,  0]  = W[l,  ±g0l,  0]' 

(tgol  future-directed).  By  choosing  the  coordinate  system  suitably,  we  can  assume 
WR  = W[l , ±£To^0]  and,  hence, 

goWR  = WR  or  g0WR  = W'R, 
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resp.  go  = + f?f?diag(l,  +1,  +1,  +l)/l-1,  where  B is  a boost  in  the  direction  of  the 
xi-axis  and  R is  a rotation  about  the  xi-axis  (tgo  is  an  element  of  the  invariance 
group  of  Wr). 

Note  B = 1 for  go  = ± Sf?diag(l,  1,  +1,  +1  )R~l.  The  claim  follows  if  we  trans- 
form the  coordinate  system  by  a boost  B'  ( B n = B~l ) and  by  the  rotation  R. 

Lemma  3. 2. 2. 2:  Q contains  a spacelike  translation. 

Proof:  We  will  denote  by  (a,  c)  (a  E [0,  2tt),  c € R4)  elements  of  Q of  the  form 

(«, c)x  = Ri(a)x  + c Vx  E R4. 

gwR+(o,i,o,o)tgwR  maps  Wr  onto  a wedge  contained  in  Wr.  Hence,  it  is,  up  to  an 
element  of  the  invariance  group  of  Wr,  a translation.  We  can  show 

(%R+(o,i,o,o)TffH'R)2  = B(a,c) 

for  a suitable  a E [0, 27T ) , a boost  B , and  a spacelike  c E R4  satisfying 

W^T~C  C Wr. 

We  assume  that  Q does  not  contain  any  spacelike  translations  and  derive  a con- 
tradiction. First  we  want  to  show  that  Q contains  an  element  (a0,Co)  such  that 
WR  + Co  C Wr.  Hence,  we  can  assume  B'(a',d)  E Q for  a suitable  boost  B'  ^ 1, 
a'  E [0, 27r),  and  d E R4  satisfying  Wr  + d C Wr.  Translations  in  the  direction  of  the 
xo-axis  and  xj-axis  commute  with  transformations  of  the  form  (a,  c).  Therefore,  we 
can  transform  the  coordinate  system  with  such  translations.  By  choosing  the  coordi- 
nate system  suitably,  we  can  assume  that  the  x0-  and  xj-components  of  c'  are  trivial. 
(Lemma  3. 2. 1.3).  We  have  shown  above  that  Q contains  elements  B"  (a" , c")  satisfy- 


ing WR  + d'  C WR.  Note  that  [B1,  [B\  B"  (0,  c")]]  = [B‘,  [. B ',  (0,  c")]]  is  a translation 
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by  a spacelike  vector  with  trivial  x2-  and  x3-components  (Lemma  3. 2. 1.3).  Therefore, 
\B'  (a.' ,c'),[B'  (a',d),B"  (a" ,c")\  € Q is  a spacelike  translation,  since  it  is  equal  to 
[B\  [B\  B"  (0,  c")]],  up  to  translations  in  the  direction  of  the  x2-  and  x3-axis.  We 
obtain  a contradiction  for  B'  ^ 1 (we  assumed  that  Q does  not  contain  any  spacelike 
translations),  i.e.,  Q contains  an  element  (a0,Co)  such  that  Wr  + Co  C Wr. 

By  considering  the  transformations  (a0,Co)n,  n € N,  we  can  conclude  that 
Ar  = {a|(a,  c)  € Q,  Wr  + c C Wr)  is  dense  in  [0,  27t).  For  any  other  wedge  there  is 
a similar  set  of  elements  of  Q.  Hence,  we  can  choose  the  coordinate  system  suitably 
in  the  following. 

In  order  to  show  g = diag(l, -1,  + 1,  +1)  e G,  for  a suitable  choice  of  the 
coordinate  system,  it  suffices  to  prove  that  Q contains  a nontrivial  involution  in  PL 
Therefore,  we  only  have  to  consider  the  case  gw  £ V1  MW  € VV.  gwR  is  not  an 
inversion,  since,  in  general,  ( gwRgwR+c )2  is  not  a translation  (we  assumed  that  Q 
does  not  contain  any  spacelike  translations),  i.e.,  there  is  a wedge  W G W such  that 
9wrW  = W (according  to  Lemma  3.2.2. 1,  gwR  acts  as  a diagonal  matrix  which  has  the 
eigenvalue  1).  gw9wR  € Pt  is  an  involution  (gwR  and  gw  commute)  and  gwgwR  ^ 1 
(gwgwRW  = gwW  t £ W,  since  wedge  algebras  are  not  maximally  abelian). 

Now  we  want  to  show  that,  up  to  a translation,  Q contains  a nontrivial  boost. 
By  considering  the  wedge  ByW^,  where  By  is  a nontrivial  boost  in  the  direction  of 
the  xi-axis,  we  can  conclude  that  ByR2(a)Byl  are,  up  to  translations  and  for  angles 
a in  a dense  subset  A C [0,  27t ) , elements  of  Q (compare  Ar ).  There  is  an  angle 
ot  € A such  that  ByR2{a)Byl  = RB  for  a rotation  R and  a boost  B ^ 1.  Note 

(gByR2(a)Byl  g~l)  + l 

= ( B~lR2(±a)By p = B~lR2(-a)By  = (B1R2(a)Bj-l)T  = BTRT, 
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which  implies 

(p51/?2(a)S1-1p-1)  + 1(51/?2(a)5r1)  = B2  ^ 1. 

This  is,  up  to  a translation,  an  element  h £ Q . By  choosing  the  coordinate  system 
suitably,  we  can  assume  that  B2  is  a boost  in  the  direction  of  the  xi-axis.  Choose 
(a,  c)  £ Q such  that  WR  + c C WR.  Then 

[B2,[B2,(0,c)]]  = [*,[*,(«.«)]]  € a, 

modulo  translations  in  the  direction  of  the  x2-axis  and  x 3-axis.  However,  [ B 2,  [Z?2,  (0,  c)]] 
is  a spacelike  translation  with  trivial  x2-  and  x3-component  (Lemma  3.2. 1.3).  This 
implies  that  [h,  [/i,  (a,  c)]]  £ Q is  a spacelike  translation. 

Lemma  3. 2. 2. 3:  Q contains  two  spacelike  translations  in  directions  which  are  or- 
thogonal. 

Proof:  The  proof  of  Lemma  3. 2. 2. 2 implies  that  Q contains  an  element  (a,  c)  which 
is  a product  of  gw' s where  W is  coherent  to  WR  and  such  that  WR  + c C WR. 
We  can  assume  that  Q contains  a translation  T ^ 1 in  the  direction  of  the  X3-axis 
(Lemma  3. 2. 2. 2).  If  W £ W is  coherent  to  WR,  then  gw  commutes  with  71,  i.e., 
9wx  = diag(A,  l)x  + a for  a 3 x 3-matrix  A and  a £ R4  with  trivial  x3-component 
{Sw  ~ !)•  We  can  conclude  a = 0 and  that  the  ^-component  of  c is  trivial,  c is 
evidently  spacelike. 

Lemma  3. 2. 2. 4:  Q contains  a 3-dimensional  group  of  spacelike  translations. 

Proof:  We  can  assume  that  Q contains  nontrivial  translations  in  the  direction  of  the 
x2-axis  and  the  x3-axis.  gw,  where  W £ W is  a wedge  coherent  to  WR  or  W 'R, 
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commutes  with  these  translations  implying  gw  = ^ q ^ J , modulo  translations  in 
the  direction  of  the  x0-ax\s  and  the  xi-axis  (recall  g\  = 1).  A is  a 2 x 2-matrix.  We 
can  apply  Theorem  3. 2. 1.6  (gw  leaves  the  set  of  wedges  which  are  coherent  to  Wr  or 
W'R  invariant)  to  obtain  a one-dimensional  group  of  spacelike  translations. 

By  using  similar  arguments,  we  will  finally  get  a 3-dimensional  group  of  space- 
like translations  contained  in  Q. 

Lemma  3. 2. 2. 5:  The  subgroup  o/Q  consisting  of  the  translations  is  either  3-dimensional 
or  the  whole  translation  group. 

Proof:  Assume  that  Q does  not  contain  the  whole  translation  group.  For  a suitable 
choice  of  the  coordinate  system,  the  translations  by  vectors  of  the  form  (0,  x\,  x2,  a;3)T 
are  contained  in  Q,  according  to  Lemma  3. 2. 2. 4.  We  will  call  this  group  T.  The 
adjoint  action  of  gw,  W E W,  must  leave  T invariant,  since  we  assumed  that  Q does 
not  contain  all  the  translations.  We  want  to  show  that  Q does  not  contain  any  other 
translations.  Hence,  we  assume  that  there  is  a translation  T E Q\T  and  we  will 
derive  a contradiction. 

If  W = RWr  + a , for  a rotation  R and  a E R4,  then  gwW  is  coherent  to  W' , 
since  gw  commutes  with  the  two-dimensional  group  of  translations  which  leaves  W 
invariant  (compare  the  proof  of  Lemma  3. 2. 2.4).  Therefore,  we  can  apply  Theorem 
3. 2. 1.6,  i.e.,  c gw+c  is  continuous.  Since  the  adjoint  action  of  gw  leaves  T invariant, 

we  conclude  (see  also  Lemma  3. 2. 1.1) 

gw  = Rdiag(  + 1,-1,1,1)R-1,  (3. 2. 2.1) 

modulo  translations  (we  obtain  the  same  sign  for  fixed  R and  arbitrary  a E R4, 
according  to  Theorem  3. 2. 1.6).  However,  gw  € (i.e.,  — in  (3. 2. 2.1))  would  entail 
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that  the  translation  (gwT gw)T~l  = gw(TgwT~l)  — gwgw+Co  (co  6 R4  suitably)  is 
not  an  element  of  T and,  because  of  the  continuity  of  c gwgw+c , Q would  contain 
the  whole  translation  group  ( gwgw+c  are  translations).  We  have  shown 

9RWR+a  = gw  = R diag(l,  — 1, 1,  l)#-1. 

If  W € W cannot  be  obtained  from  Wr  by  rotations  and  translations,  then 
we  can  also  show  that  c t-4  gw+c  is  continuous  and  that  gwgw+c  are  translations 
(W  + c can  be  obtained  from  W by  translations  in  T,  since  the  subgroup  of  T 
leaving  W invariant  cannot  be  two-dimensional,  i.e.,  it  is  only  one-dimensional).  As 
above  follows 

/ 1 0 0 0 \ 

x + d,  Vx  € R4  (3. 2. 2. 2) 

(recall  gwTgw  = T).  gw  = 1 implies  that  d has  a trivial  <r0-component.  Since  any 
gw  is  of  the  form  (3. 2. 2. 2)  (also  if  W = RWr  + a for  a rotation  R and  afR4;  see 
above),  this  yields  a contradiction  (every  gw,  he.,  also  T € Q,  acts  trivially  on  the 
x0-component). 

Lemma  3. 2. 2. 6:  Let  71  be  a Lie  group.  If  U\(t), . . . ,Un(t),  t € R,  are  continuous 
one-parameter  subgroups,  then  they  generate  a subgroup  TZo  of  7Z,  which  is  a Lie 
group  itself. 

Proof:  Let  Vi(/)  = exp(fAi), . . . , Vm[t)  = exp(/Am)  be  a set  of  one-parameter  sub- 
groups of  TZo  such  that  { Ay , . . . , Am}  span  a maximal  subspace  V of  the  Lie  algebra 
of  7 Z.  We  have  to  show  that  V contains  [A,-,  Af\  for  i,j  = 1, . . . , m.  Note 


gwx  — 


0 ax  a2  a3 

0 (I4  G5  Oq 


(exp(M,)A,  exp(— f A,)  - Aj)/t  € V, 
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i.e.  V contains  a sequence  converging  to  [Ai,Aj]  (let  t — >•  0).  However,  subspaces  of 
finite-dimensional  vector  spaces  are  closed  implying  [A;,  Aj]  € V.  Hence,  the  elements 
of  the  form 

Vi(fi)  • . . . • ti, . . . ,tm  € R, 

generate  the  connected  Lie  group  whose  Lie  algebra  is  V. 


In  the  proof  of  the  following  lemma  we  will  use  the  Lie  algebra  of  the  Lorentz 
group.  Let  K j,  K2,  K3  be  generators  of  the  boosts  and  Si,  S2,  S3  be  generators  of  the 
rotations.  We  can  assume  the  following  commutation  relations: 


[S{,  5'j]  — £« jkSki  [<?;,  Ttj]  — EijkKk,  — ~£tjkSk ? (3. 2. 2. 3) 


where 
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Before  we  can  determine  the  possible  groups  Q which  can  occur,  we  have  to 
consider  the  following  case. 
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Lemma  3. 2. 2. 7:  Assume  that  Q contains  the  whole  translation  group  and  that  there 
is  a wedge  Wo  £ VV  such  that  gw0  £ Then,  either  Q contains  the  rotation  group 
( transform  the  coordinate  system  suitably  if  necessary)  or  Q consists  of  the  transfor- 
mations whose  homogeneous  part  leaves  { + /},  for  a lightlike  vector  l ^ 0,  invariant. 

Proof:  We  can  assume  W0  — Wr  and,  modulo  translations, 

gwR  = diag(— 1, -1,1,1) 

( gwR  commutes  with  the  translations  which  leave  Wr  invariant;  use  Lemma  3. 2. 1.1). 
It  is  easy  to  show 


^Ri(a)w^  — ^i(®)diag(  + 1, 1,  l,l)/?j(  o:) 

commutes  with  diag( — 1,  — 1, 1, 1)  £ Q and  the  translations  which  leave 
Ri(a)W2°^  invariant).  This  implies  that  Q contains  the  rotations  about  the  a:i-axis 
(^R1(a)w2(0)5,Rl(a')w2(0))2  = ~ 4a'))-  Let  L be  the  Lie  algebra  of  the  Lie  group 

generated  by  the  continuous  one-parameter  subgroups  of  Q (see  Lemma  3. 2. 2. 6).  We 
have  shown  Si  £ L. 

Now  we  want  to  prove  that,  if  Q does  not  contain  the  whole  rotation  group 
for  a suitable  choice  of  the  coordinate  system,  there  is  an  element  a S3  + bK2  £ L, 
a,  b £ R,  b ^ 0.  Since  Q contains  the  whole  translation  group,  we  can  conclude 

9R2W)wr  = A2(v?)e"Kldiag(  + l,-l,l,l)A2(-<p)  € Q, 

for  a suitable  a depending  on  <p  (see  Lemma  3. 2. 1.1;  a — 0 for  — ).  a = 0 would 
imply 


R2(4(p)  = (/?2(v?)diag(+ 1,  —1, 1,  l)/?2(— (^)diag(- 1,  —1, 1,  l))2  £ Q, 
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i.e.,  for  a suitable  choice  of  <p  ^ nn /2  (n  G Z),  we  can  assume  a ^ 0 (£?  does  not 
contain  the  whole  rotation  group),  hence 

f?2(y>)e“Kldiag(l,-l,l,l)f?2(-^)  £ Q- 

Furthermore,  yp  ^ nn / 2 entails  fl2(-y>)Si-ft2(y>)  = c5i  + for  c,  d G R,  c'  ^ 0 (see 

(3. 2. 2. 3) ). 

(i^e^diaga,  -1, 1,  l)R2{-^))Si{R2^)eaK^g{\,  -1, 1,  l)f?2(-^)) 

= R2{<f)eaKi diag(l,  -1,1,  l)(c5!  + c%)diag(l,  -1,1, 1 )e~aK' R2(-<p) 

= R2(<p)eaK'(cSi  - c/53)e-^‘JR2(-V?) 

(3'='3)  R2^)cSxR2(-^)  ~ c' R2{}p)eaKx S^e~aKl R2(—<p) 

^ ^ f?2(v?)c5i/?2(— v?)  — c'/^yp^coshaSb  — sinh  a K2)R2(— (p) 

^ ^ R2(<p)cSiR2(—<p)  — c'  cos\ia  R2(ip)S3R2(—<p)  + c'  sinha  K2, 

which  is  an  element  of  L,  is  a linear  combination  of  Si,  S3  and  K2,  according  to 

(3. 2. 2. 3) .  The  claim  follows  from  c'  sinha  ^ 0 and  S\  G L. 

It  is  easy  to  derive  from  (3. 2. 2. 3) 

eXK'S3e~XKl  = cosh  XS3-  sinh  A K2 


and 

eXKi  K2e~XKl  = cosh  A K2  — sinh  A S3. 

For  |6|  < |a|,  we  choose  A such  that  sinh  A/  cosh  A = —6/a,  i.e.  such  that  eXKl S3e~XKl  = 
cosh  A/a  (aSs  + bK2 ) G L.  Hence,  Si,  S3  G L,  resp.  the  rotation  group  is  contained 
in  Q,  after  transforming  the  coordinate  system  with  the  boost  eXKl  (this  boost  com- 
mutes with  rotations  about  the  xi-axis).  Similarly,  for  |6|  > |a|,  we  can  assume 
that  the  boosts  in  the  direction  of  the  x2-axis  and  the  rotations  about  the  xi-axis 
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are  contained  in  Q.  Since  gw(o)  must  commute  with  these  boosts,  we  can  conclude 
gw(o)  = diag(  — 1, 1,  — 1, 1)  and,  as  above,  it  follows  that  the  rotations  about  the  x2- 
axis  are  contained  in  Q.  Again  we  have  shown  that  Q contains  the  whole  rotation 
group  (for  a suitable  choice  of  the  coordinate  system).  Hence,  we  only  have  to  con- 
sider the  two  cases  S3±K2  G L (|a|  = |fe|).  We  assume  S3  + K2  G L (the  other  case 
follows  similarly).  Note 

[SuS3  + K2]  = s2-k3  g l. 

It  is  well-known  that  the  stabilizer  group  S(/i+)  of  l1+  in  C\  is  isomorphic  to 
10(2)  and  its  Lie  algebra  is  generated  by  Si,  S3  + K2,  S2-K3.  Since  Q contains  5'(/i+), 
diag(— 1,-1, 1,1)  G £+  and  diag(l,  1,  — 1, 1)  G £t  (recall  gw(0)  = diag(  + 1, 1,  — 1, 1) 
and  note  that  Q does  not  contain  all  the  rotations  about  the  X2-axis  excluding  — ), 
which  leave  {/i+,— /j+}  invariant,  it  contains  all  elements  of  the  Lorentz  group  C 
which  leave  this  set  invariant.  Hence,  the  claim  is  proven  if  the  homogeneous  part  of 
gw  leaves  {/1+,  — /1+}  invariant,  for  all  W G W. 

We  can  assume  that  there  is  a wedge  W G W such  that  hwl i+  ^ {/i+,  — /i+} 
for  the  homogeneous  part  hw  of  gw,  i.e.,  hwl i+  is  not  a multiple  of  /1+  (h^  — 1).  The 
adjoint  action  of  hw  6 Q cannot  leave  S'(/i+)  invariant  (multiples  of  /1+  are  the  only 
fixed  points  of  S'(/i+)).  L even  contains  an  element  A = cj K\  + c2K2  + c3K3  + c4Si  + 
C5S2  + c$S3,  which  is  not  a linear  combination  of  Ki,Si,S3  + K2,  S2  — K3  (elements  of 
the  Lie  group  corresponding  to  the  latter  four  elements  map  /i+  onto  multiples  of  /i+). 
By  adjoining  A with  the  reflections  diag( — 1,  — 1, 1, 1)  G Q and  diag(l,  1,  — 1, 1)  G Q 
(recall  5^(0)  = diag(l,  1, -1, 1)),  we  can  show  ciA'i -c2K2-c3K3+c4Si -c5S2-c^S3  G 
L and  ciA'i  - c2K2  + c3K3  - c4Si  + c5S2  - c$S3  G L,  resp. 


C\K\,  c2K2  c^S3,  c3K3  A c5S2  G L. 
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Not  all  of  these  three  elements  are  linear  combinations  of  Ki,  S\,  S3  + K2,  S2  — 
K3.  It  follows  now  that  either  c2K2  + CeS3  is  not  a multiple  of  S3  + K2  or  c3K3  + c5S2 
is  not  a multiple  of  S2  — K3 , i.e.,  K2,S3  G L or  K3,S2  G L.  This  proves  the  claim. 

Theorem  3.2.2.8:  Q = V+,  Q “ 10(3),  Q “ 10(3)  x Z2,  Q S 10(3)  x 10(1),  or  0 
consists  of  the  transformations  whose  homogeneous  part  leaves  { + /},  for  a lightlike 
vector  / / 0,  invariant. 

Proof:  We  assume  first  that  Q does  not  contain  the  whole  translation  group,  i.e.  the 
translations  in  Q form  a 3-dimensional  subgroup  T,  according  to  Lemma  3. 2. 2. 5.  For 
a suitable  choice  of  the  coordinate  system,  T consists  of  the  translations  by  vectors 
of  the  form  (0,  x\,  x2,  x3)T.  As  above,  we  can  prove  (3.2.2. 1).  Therefore,  we  obtain, 
modulo  the  time-inversion,  all  rotations.  Q even  contains  the  whole  rotation  group. 
An  element  of  the  Lorentz  group  £+  leaves  T invariant  if  and  only  if  it  is  a rotation. 
Hence,  Q lies  in  the  group  generated  by  diag( — 1,  — 1, 1, 1)  G £+,  diag(l,  — 1, 1, 1)  G 
£t,  the  rotations,  and  T,  since  the  adjoint  action  of  gw,  W G W,  leaves  T invariant. 
This  group  is  isomorphic  to  10(3)  x Z2.  Now  it  follows  easily  Q = 10(3),  resp. 
^ a*  10(3)  xZ2,if£  contains  the  time-inversion  (note  gwR  = diag(  + 1,  —1,1,1)  G Q). 

Assume  now  that  Q contains  the  whole  translation  group  and  gw  G VW  G 
W.  We  want  to  show  g = diag(l,  — 1,  — 1,  — 1)  G Q,  for  a suitable  choice  of  the 
coordinate  system.  After  applying  a boost  in  the  direction  of  the  x raxis  we  can 
assume  gwR  = diag(l,  — 1, 1, 1)  G Q.  After  applying  another  boost,  this  time  in 
the  direction  of  the  x2-axis,  we  can  assume  gw(o)  = diag(l,  1,  — 1, 1)  G Q.  This 
boost  commutes  with  diag(l,  — 1, 1, 1)  implying  diag(l,  -1, 1, 1),  diag(l,  1,  -1, 1)  G Q. 
Finally,  we  can  assume,  in  addition,  diag(l,  1, 1,-1)  G Q,  resp.  diag(l,  —1,  -1,  -1)  G 

a. 
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Note  that  gw  W and  W'  are  coherent  VW  € W ( gw  commutes  with  the 
translations  which  leave  W invariant;  see  the  proof  of  Lemma  3.2. 2.4).  Thus,  to  any 
rotation  R,  there  is  a translation  T € Q such  that 

R(TgRWR ) = TI{TRW'r)  = 7 l(gRwRRWR)  = 7 Z{RWr)'. 

This  implies  that  gRwR  commutes  with  Tg  £ (?  (the  modular  conjugations  of  RWr) 
and  7 Z{RWr)'  agree)  and  is,  therefore,  of  the  form 

gRWR  = 7?diag(  + l,  — 1, 1, 1)R~X 

(Lemma  3. 2. 1.1).  Thus,  we  obtain  again  the  whole  rotation  group. 

According  to  Lemma  3. 2. 2. 7 and  the  preceding  paragraphs,  it  remains  to  con- 
sider the  case  in  which  Q contains  all  translations  and  the  rotation  group. 

If  the  adjoint  action  of  gw,  W € W,  does  not  leave  the  group  generated  by 
the  rotations  and  the  translations  invariant,  then  there  is  a one-dimensional  subgroup 
R(cn)  of  the  rotation  group  such  that 

ff(a)  = gwR(a)gw  € Q C\V\ 

is  not,  modulo  translations,  a rotation  for  all  a.  There  are  suitable  rotations  Ra,  R'a, 
and  ta  6 R such  that  g(a)  = Rav1(ta)R'a  (we  denote  by  vi(t)  the  boosts  in  the 
direction  of  the  xi-axis).  a i->-  |ta|  is  continuous.  We  can  assume  ta  > 0 (if  necessary, 
replace  Ra  by  RaR3(n)  and  R!a  by  R3(n)R'a),  i.e.,  a (->■  ta  is  continuous  and  not 
identically  0.  Hence,  Q contains  the  whole  group  of  boosts  in  the  direction  of  the 
:ri-axis.  This  implies  Q D V\.  Now  it  is  not  difficult  to  conclude  Q = V+  (see  [18]  or 
the  proof  of  Theorem  3.3.1). 

We  will  complete  the  proof  of  the  claim  by  showing  Q = 10(3)  x 10(1)  in 
the  case  that,  for  any  W 6 W,  the  adjoint  action  of  gw  leaves  the  group  generated 
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by  the  rotations  and  the  translations  invariant.  We  still  assume  that  Q contains  all 
translations  and  rotations.  Q only  contains  transformations  which  lie  in  the  group 
generated  by  diag(— 1,  —1,1,1)  € diag(l,  —1,1,1)  G £t,  the  rotations,  and  the 
translations,  since  the  adjoint  action  of  the  homogeneous  part  of  gw  leaves  the  rota- 
tion group  invariant  (compare  the  first  paragraph  of  the  proof).  Therefore,  we  only 
have  to  prove  diag(l,  — 1, 1, 1)  G Q and  that  there  is  a wedge  W G W such  that 
gw  € V ;. 

For  wedges  which  cannot  be  obtained  from  Wr  by  rotations  and  translations 
we  can  derive  (3. 2. 2. 2),  since  the  adjoint  action  of  the  homogeneous  part  of  gw  leaves 
the  rotation  group  invariant  and  these  wedges  are  invariant  with  respect  to  certain 
translations  by  vectors  with  nontrivial  x0-component  (these  translations  lie  in  Q). 
5'w[(i,o,t,o)T,(i,-a,i>,o)T,o]?  a,b  ^ 0,  a2  + b2  = 1,  commutes  with  the  translations  in  the 
direction  of  the  x3-axis  implying,  together  with  (3. 2. 2. 2), 

£vv[(i,aAo)T,(i  _0ao)t,o]  = /2'diag(l,  +1,1,1) 

for  a rotation  R'  about  the  x3-axis  (elements  of  the  Lorentz  group  which  act  trivially 
on  the  x0-  and  x3-component  are,  possibly  up  to  a reflection,  a rotation  about  the 
x3-axis).  However, 

5fw[(i,aA0)T,(i,-a,6,0)T,0]M/[(l,  a,  b,  0)T,  (1,  -a,  b,  0)T,  0] 

is  coherent  to  W[(l,  a,  6, 0)T,  (1,  —a,  b,  0)T,  0]'  (Q  contains  the  whole  translation  group), 
which  leaves,  after  a short  computation,  only  the  possibility 

#vv[(i,aAo)T,(i  ,-<jAo)t,o]  = ^*ag(^  — 1?  1)  € Q • (3. 2. 2.4) 

Since  not  all  of  the  gw  can  act  as  in  (3. 2. 2. 2)  ( Q contains  timelike  translations;  see 
the  conclusion  after  (3. 2. 2. 2)),  there  is  a wedge  W G W such  that  gw  G V^.  This 
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proves  Q = 10(3)  x 10(1). 

We  will  use  that  any  wedge  is,  up  to  translations  and  rotations,  of  the  form 
W[(l,  a,  b,  0)T,  (1,  — a,  b, 0)T,  0]  (a2  + 62  = 1,  a / 0).  This  can  be  proven  as  follows. 
Note  that  two  arbitrary  vectors  can  always  be  rotated  such  that  they  have  trivial 
x3-components.  Let  (1, al5 &i, 0)T,  (l,a2,62,0)T  be  lightlike  vectors  with  bx  < b2. 
After  a rotation  by  n about  the  x3-axis  we  obtain  the  vectors  (1,  — a1?  — bx, 0)T, 
(1,  — a2,  — b2, 0)T.  The  Intermediate  Value  Theorem  entails  that  we  obtain  vectors 
of  the  form  (1,  cx,  6, 0)T,  (1,  c2,  b,  0)T,  after  a rotation  /?3(a)  for  a suitable  0 < a < n 
(&i  < b2  but  — &i  > — b2).  However,  the  vectors  are  different  and  lightlike,  i.e., 
Ci  = c2. 

We  postpone  the  case  Q = V+  (see  3.3). 

Corollary  3. 2. 2. 9:  Assume  wedge  duality.  If  Q consists  of  the  transformations 
whose  homogeneous  part  leaves  {t/},  for  a lightlike  vector  1^0,  invariant,  then  gw, 
W € W,  is  the  uniquely  determined  involution  which  maps  W onto  W'  and  whose 
homogeneous  part  leaves  { + /}  invariant. 

In  the  other  cases,  if  Q ^ V+  and  the  coordinate  system  is  chosen  such  that  Q 
contains  the  rotations,  the  geometric  action  gw  of  the  modular  conjugations  is  given 
by  (up  to  a uniquely  determined  translation) 

gnwR+c  = Z2diag(il,  —1, 1,  l)/2-1,  (3.2.2.5) 

resp.  by 

#RW[(i,a,&,o)T,  (i,_ 0l&,o)T,c]  = /2diag(l, -1, 1, 1)/Z_1  (3. 2.2.6) 

or 

fi^/iw[(i,o,6,o)T,(i,— a,6,o)T,c]  = R diag(— 1,  —1,  —1,  l)i?_1, 


(3. 2. 2. 7) 
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for  arbitrary  c e R4,  rotations  R,  and  a, be  R satisfying  a2  + b2  = 1 and  a,  b / 0. 

Q = 10(3)  x 10(1),  resp.  Q 3 10(3)  x Z2  and  a = 10(3),  imply  -,  resp.  +, 
in  (3.2.2. 5).  g 9£  10(3)  x 10(1)  and  g S£  10(3)  exclude  (3. 2.2.7). 

Proof:  Let  g consist  of  the  transformations  whose  homogeneous  part  leaves  { + /} 
invariant.  It  is  sufficient  to  show  for  W = WR,  l = (1,  au  a2,  a3)T,  a\  + a2  + a\  = 1, 
that  gw  is  uniquely  determined,  g contains  the  whole  translation  group  implying 
gwR  = Rdiag(i  1, -1, 1, 1)  for  a boost  in  the  direction  of  the  aq-axis  (5  = 1 for 
-).  Wedge  duality  implies  gWR  = 5diag(  + l, -1, 1, 1).  If  / = /x  + , then  there  is 
only  the  possibility  gWR  = diag(— 1,  — 1, 1, 1).  If  / ^ lx+,  we  can  conclude  gwR  = 
B diag(l,  — 1, 1, 1)  and 

5diag(l,-l)(l,a1)T  = (l,a1)T. 

There  is  only  one  boost  B such  that  the  timelike  vector  (l,ai)T  is  an  eigenvector  of 
5diag(l,— 1)  to  the  eigenvalue  1,  i.e.,  gw,  W € W,  is  uniquely  determined. 

It  remains  to  consider  the  cases  g = 10(3)  x 10(1),  g = 10(3),  and  g = 
10(3)  x Z2  (Theorem  3. 2. 2. 8).  In  the  first  case,  it  was  already  shown 

5,w[(i,a,6,o)T,(i,-a,6,o)T,c]  = diag(l, -1, 1, 1) 

for  c e R4  and  b ^ 0 (see  (3. 2. 2. 4)).  The  adjoint  action  of  the  homogeneous  part 
°f  9wr+c,  c e R4,  leaves  the  rotation  group  invariant  and  g contains  the  whole 
translation  group  implying 

gwR+c  = diag(±l,  —1,1,1) 

(+  Vc  e R4  or  — Vc  e R4,  according  to  Theorem  3. 2. 1.6).  Since  (?  contains  timelike 
translations,  we  can  even  conclude 


9wr+c  = diag(— 1,  —1, 1, 1)  e g. 


(3. 2. 2. 8) 
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Otherwise,  every  gw,  W E W,  would  be  of  the  form  (3.2.2. 2),  since  Q contains  all 
rotations  and  all  translations  and  since  every  gw  can  be  obtained  from  (3. 2. 2. 4)  or 
(3. 2. 2. 8)  by  such  transformations  (see  the  conclusion  after  (3. 2. 2. 2)).  The  last  remark 
also  implies  that  the  homogeneous  part  of  any  gw,  W E W,  is  uniquely  determined 
in  the  case  Q = 10(3)  x 10(1).  Wedge  duality  and  g^y  = 1 show  again  that  there  is 
only  one  possible  action  for  gw- 

In  the  latter  two  cases  Q = 10(3)  and  Q = 10(3)  x Z2,  we  can  conclude,  using 
familiar  arguments, 

gnwR+c  = Rdiag(l,-l,l,l)iT\  (3. 2. 2. 9) 

for  all  c E R4  and  rotations  R,  since  Q does  not  contain  any  timelike  translations. 
(3. 2. 2. 6)  and  (3. 2. 2. 7)  can  be  derived  similar  as  (3. 2. 2. 4). 

Finally,  we  want  to  show  that  Q = 10(3)  excludes  (3.2. 2. 7).  However,  in  this 
case,  Q has  only  two  conneted  components,  which  would  contradict 

diag(— 1, -1, -1, 1)  E Q 0 and  gwR  = diag(l, -1, 1, 1)  E G 0 £t. 


Corollary  3.2.2.10:  If  wedge  duality  and  the  continuity  of  W y-+  Jw  are  satisfied 
(in  the  sense  of  [18])  and  if,  furthermore,  Q / V+,  then  Q = 10(3)  and,  for  a suitable 
choice  of  the  coordinate  system  ( such  that  Q contains  the  rotations), 


9W[(l,a,b,0)T,(l  ,-a,fc,0)T,0]  = 

for  arbitrary  a,i  E R satisfying  a2  -f-  b2  = 
conjugations  act  by 


/I  0 0 0 \ 

0-100 

0 0 10 

\ 0 0 0 1 / 

1 and  a / 0.  In  general,  the  modular 


SfflTW[(l,a,6,0)T,(l,-a,6,0)T,0] 


-1  0-1 


RT  gw[(l,a,b,0)T  ,(l,—a,b,0)T  ,0]R  R 
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where  R are  arbitrary  rotations  and  T are  arbitrary  translations. 


Proof:  First  we  assume  that  Q contains  the  rotation  group.  Assume  that  we  can 
choose  an,bn  E R such  that  an  -4  a ± 0,  bn  -4  6,  a2n  + b2n  = 1,  £w[(i,a,6,o)T, (i,-a,6,o)T  c] 
acts  as  in  (3.2.2.5)  or  (3.2.2.6),  and  the  involutions  ^[(i,a„,tn,o)TI(i,-on,fcn,o)T,c]  act  as 
in  (3. 2. 2. 7)  (c  E R4  arbitrary  but  fixed).  We  will  find  a contradiction.  Let  T E J 
act  as  a translation  by  (0,0, 1,0)T. 

^W[(l,an,6„,0)T)(l,-an,t„,0)T,c]F^W[(l,an,t„,0)T,(l,-o„,6n,0)T,c]T 

are  internal  symmetries  strongly  converging  to 


4[(l,a,6,0)T,(l,— a,6,0)T,c]?14[(1,a,6,0)T,(l  ,-a,6,0)T  C]T, 

which  acts  as  a translation  by  (0, 0,2, 0)T.  However,  this  provides  a contradiction 
(compare  the  proof  of  Lemma  3. 2. 1.2).  We  have  shown  that  the  set 

{b  E (-1,1)  l5,w[(i,at6,0)T>(il_a,6,0)T,c]  acts  as  in  (3.2.2.7)} 

is  closed  in  (—1,1).  Similar  arguments  prove  that  the  set 

{b  E (-1,1)  |5'w[(i,a,6,0)T,(i,_a,6,0)T,c]  acts  as  in  (3.2.2.5)  or  (3.2.2.6)  } 

is  closed  and  non-empty  (b  = 0 is  an  element).  The  connectedness  of  (—1, 1)  excludes 
(3. 2. 2. 7).  Similar  arguments  show  that,  if  Q contains  the  whole  translation  group, 
then  we  have  to  choose  -f  in  (3. 2. 2. 5).  Therefore,  the  case  Q = 10(3)  x 10(1)  cannot 
occur  (Corollary  3. 2. 2. 9).  It  follows  Q = 10(3),  since  we  have  proven  gw  £ Vl  for 
all  W E W (wedge  duality  implies  + in  (3. 2. 2. 5)  if  Q does  not  contain  the  whole 
translation  group). 

If  Q consists  of  the  transformations  whose  homogeneous  part  leaves  { + /} , for 
a lightlike  vector  / / 0,  invariant,  then  we  can  proceed  similar  as  above  to  exclude 
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this  case  (note  that  Q contains  the  whole  translation  group  and  that  there  are  wedges 
W 6 W such  that  gw  € and  wedges  such  that  gw  € V^). 


3.3  Transitive  Action 

We  will  show  in  this  section  that  the  strong  CGMA  and  the  transitivity  of 
the  action  of  the  modular  conjugations  imply  that  the  modular  conjugations  act  as 
in  [4,  5],  i.e.,  in  particular, 


JWrR{W)JWr  = n{gWRW)  VW<EW 


(3.3.1) 


with 


9wrx 


/ -1 

0 

0 

°\ 

0 

-1 

0 

0 

0 

0 

1 

0 

l 0 

0 

0 

1/ 

Vx  € R4. 


(3.3.2) 


The  following  theorem  was  already  proven  in  [18,  Proposition  4.2.10].  We  give  a 
shorter  proof  which  is,  however,  only  applicable  to  this  particular  situation.  Re- 
call that  the  invariance  group  of  WR  can  be  generated  by  the  boosts  in  the  direc- 
tion of  the  xi-axis,  by  the  rotations  about  the  xj-axis,  and  by  elements  of  the  form 
diag(  + 1,  +1,  +1,1). 


Theorem  3.3.1:  Assume  the  strong  CGMA  and  that  the  modular  conjugations  act 
transitively  on  the  net  {7 £(W)}wew-  Then  Q = V+,  wedge  duality  is  fulfilled,  and 
the  modular  conjugations  act  as  in  (3.3.1 ). 

Proof:  It  suffices  to  prove  Q D V\.  (3.3.2)  follows  then  easily  from  the  uniqueness 
of  the  modular  objects,  i.e.,  from  the  fact  that  gwR  commutes  with  elements  of  V\ 
which  leave  WR  invariant  (see  the  proof  of  [18,  Proposition  4.2.10]).  Note  that  any 
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involution  acts,  for  a suitable  choice  of  the  coordinate  system,  as  a diagonal  matrix 
(Lemma  3. 2. 2.1)  and  that  the  wedge  algebras  are  not  abelian,  i.e.,  gwW  ^ W , for 
W € W (abelian  von  Neumann  algebras  with  a cyclic  vector  are  maximally  abelian). 

First  we  assume  that  there  is  a W G W such  that  gw  leaves  a wedge  Wx  6 W 
invariant.  We  can  conclude  gwgwx  — gwxgw  ^ 1,  because  of  the  nonabelianness  of  the 
wedge  algebras  {gwxgwW\  ^ W\).  There  is  an  L 6 Q such  that  gwx  = giw  — LgwL~x 
(transitivity)  implying  gwxgw  = LgwL~xgw  € V . Hence,  gwgwx  is  a nontrivial 
involution  in  P+,  i.e., 

gwgwx  = diag(l,  1,  —1,  — 1), 

for  a suitable  choice  of  the  cordinate  system.  However,  gwgwx  / 1 is  a Poincare 
transformation  in  the  center  of  the  invariance  group  of  Wr.  The  claim  easily  follows 
in  this  case  from  the  transitivity  and  the  simplicity  of  P+,  since  every  element  of  the 
Poincare  group  is,  up  to  an  element  of  the  invariance  group  of  Wr,  an  element  of  Q 
implying 

{Kgwgwx  K~l  | K e V}  = { KgwgWx  K~l  \ K € Q}. 

If  there  is  not  a W 6 W such  that  gw  leaves  a wedge  W\  6 W invariant, 
then  we  can  conclude  that  the  modular  conjugations  gw  are,  for  a suitable  choice 
of  the  coordinate  system,  of  the  form  diag(l,  — 1,  — 1,  — 1)  (the  transitivity  excludes 
gw  = — 1).  However,  for  every  boost  B and  every  rotation  R, 

diag(l,  -1,-1,  — l)(fi/?)diag(l,  —1,  —1,  — l)(B/2)-1  = B~2, 

i.e.,  Q contains  either  a nontrivial  boost  B~ 2 or  a nontrivial  rotation  R.  The  claim 
follows  as  in  the  first  case.  If  Q contains  a nontrivial  boost  B~2,  then  we  can  as- 
sume that  B~ 2 leaves  Wr  invariant  (choose  the  coordinate  system  suitably).  To 
any  K € P+,  there  is  a G € Q such  that  K~lG  is  in  the  invariance  group  of 
Wr,  i.e.,  A'~1Gdiag(  + 1, 1,1,1)  commutes  with  B~2.  We  can  conclude  KB~2 K~x  = 


70 


GB  + 2G  1 G Q.  The  claim  follows  similarly  if  Q contains  a nontrivial  rotation. 


3.4  Geometric  Action  of  Even  Products  of  Modular  Conjugations 

In  this  section  we  will  use  a weakened  form  of  the  strong  CGMA.  Instead  of 
(iv),  we  will  only  assume  that  even  products  of  modular  conjugations  have  a geometric 
action: 


(iv’)  The  adjoint  action  of  Jwx  Jw2 , Wi,W2  G W,  leaves  the  net  {7^(IT)}wew  in- 
variant, i.e., 

JWlJw2n(W)Jw2JWl  = K(W3)  VWi,  W2,  W GW, 

where  W3  G W are  suitable  wedges. 

The  elements  of  Je  act  on  W as  elements  of  the  extended  Poincare  group  W (see 
Theorem  3.1.3).  Under  the  further  assumption  that  the  adjoint  action  of  the  elements 
of  Je  is  transitive  on  the  net,  we  will  show  in  Theorem  3.4.4  that  the  action  is  given 

by 


JwlJw2fc(W)Jw2Jwx  = T^{gwi  gw2W),  W,Wi,W2^W  (3.4.1) 


with 


( -1 

0 

0 

0 \ 

0 

-1 

0 

0 

0 

0 

1 

0 

V 0 

0 

0 

1 / 

and  gw  = AgwRA  1 for  A G V,  W = A Wr.  Modular  covariance  with  respect  to  the 
modular  groups  implies  (3.4.1)  (see  Theorem  3. 6. 2.1). 


Proposition  3.4.1:  Assume  the  strong  CGMA  (with  (iv)  replaced  by  (iv’))  and  that 
Je  acts  transitively  on  the  net  {72.(IU)}iyew  The  elements  of  Je  act  as  elements  of 
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the  group  W\  which  is  generated  by  the  dilatations  and  V\. 


Proof:  Elements  of  Jt  act  as  elements  of  the  extended  Poincare  group.  Therefore, 
we  have  to  show  that  JwJw0,  W,  Wo  G W,  can  be  written  as  the  product  of  squares 
of  elements  of  Jt.  There  are  W^i, . . . , Wn  € W such  that 

Jw  = Jwn  • • • JwiJw0Jwi  • • ■ Jwn 

(transitivity  and  uniqueness  of  the  modular  objects).  Set 

Ak  = (Jwk  ■ • • Jw^JwoJwx  • • • J\Vk){Jwk_i  • • • Jwi  Jwq  JWi  • • • Jwk_i) 

— (Jwk(Jwk_i  • • • JwyJw0Jwx  • ' • Jwk_i))2  € Je- 

We  can  then  rewrite 

JwJwq  = (Jwn  • • • JwiJwoJwi  • • • Jw„)Jw0  = AnAn-\  • • • A\ 

proving  the  claim. 


Proposition  3.4.2:  A subgroup  G of  W\  which  acts  transitively  on  W contains 


Proof:  Let  T C W\  be  the  subgroup  of  translations.  Consider  the  canonical  homo- 
morphism <7  : W\  i-4  C\  given  by 

a(tdA)  = A, 

for  i € T,  A € and  dilatations  d.  a(G ) acts  transitively  on  Wo  (we  denote  by  Wo 
the  set  of  wedges  containing  the  origin  in  their  edge)  for  G acts  transitively  on  W. 
This  implies  cr(G)  = C\  [18,  Prop.  4.2.2].  C\  is  perfect,  i.e.,  to  any  A 6 C\  there 
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are  Ai,  A2  £ C\  such  that  A = Aj  XA2  xAiA2.  Choose  g\,g2  £ G such  that  cr(gy)  = Ai 
and  cr(g2)  = A2. 

AT  = (r(gi)~l(T(g2)'1(T(gi)(7(g2)T  = gf'gi'gigiT 

implies  that  to  any  A € £4.  there  is  a suitable  t € T such  that  tA  £ G. 

It  is  sufficient  to  show  that  G contains  a nontrivial  translation  (see  the  proof  of  [18, 
Prop.  4.2.9]).  We  can  assume  that  G is  not  a subgroup  of  V\  [18,  Prop.  4.2.9].  Hence, 
there  is  an  element  of  G of  the  form  tdA  ( t £ T,  nontrivial  dilatation  d,  A £ £+).  We 
have  shown  t'A  £ G,  for  a suitable  t'  £ T,  and  thus  t"d  = ^dA(PA)-1  € G ( t " £ T 
suitable).  By  considering  toGt^ 1 (choose  t0  £ T suitable  such  that  t^dto  = P'd)  in- 
stead of  G we  can  assume  d £ G (d  = tot"dtQl).  d~lg~ldg  is  a nontrivial  translation 
for  every  g £ G which  is  not  the  product  of  a dilatation  and  an  element  of  C\ . There 
always  exists  such  a g £ G because  of  the  transitivity  of  G. 

Corollary  3.4.3:  Assume  the  strong  CGMA  (with  (iv)  replaced  by  (iv’) ) and  that 
Je  acts  transitively  on  the  net  {7?.(W)}w€w  T>  any  P £ V\  there  is  a K £ Je  such 
that 

K7l(W)K~l  = K(PW)  VW€W. 

Proof:  Propositions  3.4.1  and  3.4.2 

Theorem  3.4.4:  Assume  the  strong  CGMA  (with  (iv)  replaced  by  (iv’))  and  that  Je 
acts  transitively  on  the  net  {7£(W)}wew-  The  geometric  action  of  the  elements  of 
Je  is  given  by  (S.f.l). 
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Proof:  Let  7rm  : Je  TXP  be  the  homomorphism  given  by 

Kn{W)K~l  = K(? rm{K)W),  W e W. 

The  preceding  corollary  entails  = V\  (V+  = (V\)'  C nm(Jl)  C V\).  The 

adjoint  action  of  J\y , W 6 VV,  leaves  Je  invariant,  i.e,  the  characteristic  subgroup  J'e 
as  well.  It  is  easy  to  check  that  this  induces  an  automorphism  aw  of  V\  by 

aw(nm(K))  = nm(JwKJw),  K € J'e. 

In  order  to  prove  (3.4.1)  it  is  sufficient  to  show 

aw(A)  = gw Agw  VA  € V\ 

for  this  would  entail 

KmiJWiJw^nmiKjnmiJWi  Jw2)*  = ^m{Jwx  J\V2  K Jw2Jwl  ) 

= &wx  {<xw2{nm(K))) 

= gwxgw2^m{K  )gw2gwl 

VK  € J'e  and  hence  7rm ( Jw{  Jw2 ) = gwlgw2  (no  nontrivial  element  of  W commutes 
with  each  element  of  V\  = 7rm(j7e')).  Because  of  the  transitivity,  we  only  have  to 
prove 

awR(A)  = gwRAgwR  VA  6 V\.  (3.4.2) 

The  automorphisms  aw  leave  the  characteristic  subgroup  T < V\  invariant.  In  the 
following  we  denote  by  t(a,b,c,d),  a,b,c,d  € R,  translations  by  (a,  6,  c,  d)r.  Set 

r±  = {ter\awR(t)  = tt1}. 

JwR  commutes  with  elements  in  Je  which  act  as  <(0, 0,c,  d),  c,d  £ R (uniqueness  of 
the  modular  objects),  i.e., 

{<(0,0,  c,d)  | c,d  € R}  C 7+. 
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This  implies  t~1(Ri(n)tRi(n))  G T+  for  any  t G 71  Rotations  about  the  xi-axis  leave 
Wr  invariant  showing  2_1(Ri(7r)2.fti(7r))  G 71,  for  t G 71  (awH(Ri(7r))  = Ri(7r)), 
and  then  <_1(i?i(7r)t/?1(7r))  G 71  D 7+,  resp.  2 = Ri(7t)2/?i(7t),  for  2 G 71.  It  follows 

71  C {2(a,6,0,0)  | a,6  G R}. 

The  adjoint  action  of  7(0ii,o,o)T+wfi JwR  maps  'R(Wr)  onto  a wedge  algebra  which  is 
contained  in  7£((0, 1,0, 0)T  -f  Wr)  (recall  (3.2.1)).  Set  (let  K G J'e  act  as  2(0, 1,0,0)) 

H = 7I"m(7(o,l,0,0)T+Wfi7wji) 

= Km{KJwRK~lJwR) 

= 2(0,l,0,0)a^(2(  0,  l,0,0)“l) 

€ 71. 

2j  maps  Wr  onto  a wedge  contained  in  (0, 1,0, 0)T  4-  Wr.  Hence,  H is  of  the  form 
ti  = 2(ax,  ai,  0, 0)2(a2,  — a2, 0, 0)  (ai  ^ 0 and  a2  ^ 0).  Let  Ui(2)  be  the  group  of  boosts 
in  the  direction  of  the  xi-axis.  They  leave  Wr  invariant  implying  an/ii(u1(2))  = v\ (2)  . 
The  group  71  contains  2i  ^ 1 and  is  invariant  with  respect  to  boosts  in  the  direction 
of  the  xi-axis.  It  is  easy  to  check 

= <(- 3a1/2,-3o1/2,0,0)  € 71 

and 

= 2(-3a2/2,3a2/2,0,0)  G 71. 

It  follows 

{2(a,  ±a,  0, 0)  | a G R}  C 71 

(use  again  the  invariance  of  71  with  respect  to  the  boosts  in  the  direction  of  the 
a;i-axis).  This  shows 


{t(a,  b,  0, 0)  | a,  b G R}  = 71 
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implying 

aWR(t(a,b,c,d))  = aWR(t(a,b,0,0))aWR(t(0,0,c,d)) 

= t(—a,—b,c,d) 

= gWRt(a,b,c,d)gwR  (3.4.3) 

Va,  6,c,d€  R.  at\vR  leaves  the  boosts  in  the  direction  of  the  Xi-axis  and  the  rotations 
about  the  xi-axis  invariant  (uniqueness  of  the  modular  objects).  In  order  to  prove 
(3.4.2),  resp.  (3.4.1),  it  is  sufficient  to  show 

= H~f)  Vv>,  (3-4.4) 

since  boosts  in  the  direction  of  the  xi-axis,  rotations  about  the  aq-axis,  rotations 
about  the  X3-axis,  and  translations  generate  V\  (see  [18]  or  [24]).  (3.4.3)  entails  that 
aH,fi(7?3(<^))i?3(</?)  € V + commutes  with  all  translations 

t(a,b,c,  d)  = awR(gwRt{a,b,c,d)gwR ) 

= aWR(R3((p)R3(-<f)gWRt(a,  b,  c,  d)gWRR3(<p)R3(-<p)) 

= aWR(R3(<p)gWRR3(g>)t(a » c,  d)R3(-^)gwRR3(-^>)) 

= °‘wR(R3(<p))awR(9wRR3(v)t(a,b,c,d)R3(-<p)gwR)aiwR(R3(-<p )) 

= aWR(R3(<p))R3(<p)t(a,  b,  c,  d)R3(-<p)aWR(R3(-<p)), 

i.e.,  it  is  a translation  itself  and,  hence,  for  suitable  tv  € T, 

cxWR(R3(<p))  = t<p  R3(—<p)  Vv?. 

Let  B be  an  arbitrary  boost  in  the  direction  of  the  Xi-axis.  B leaves  Wr  invariant, 
i.e., 


B = awR{B) 
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= atWniRs^B-'Rsin)) 

= (UR^B-'iUR^n))-1 
= UBt ~x 

implying  tT  = 2(0, 0, cx, C2),  for  suitable  Ci,C2  6 R.  Ri(n)  leaves  Wr  invariant,  i.e., 

Ri(n)  = «wr(^i(7t)) 

= aWR(R3(n)Ri(n)R3(n)) 

= (/» /?3(7r))/2i(7r)(2T^3(7r))_1 

= t^/21(7r)<“1. 

This  proves  cx  = C2  = 0,  i.e., 

awR(R3(  tt))  = R3(?t). 

tvR3(-<p)  = aWR(R3(<p)) 

= aWR(R3(n)R3((p)R3(Tr)) 

= T23(7r)  2^,  i?3(— <^)/?3(7t) 

= /23(7r)2¥,/23(7r)/?3(-^) 

proves  2V  = 2(av,  0, 0, 6V),  for  suitable  <2^,6^,  € R.  As  above  for  the  rotation  group 
i?3(<^),  we  can  show 

ow*(t>3(s))  = t'3v3(~s)  Vs  G R 

for  suitable  2'  6T  (u3(s)  denotes  the  group  of  boosts  in  the  direction  of  the  x3-axis). 

(2>3(-s)2vu3(s))(u3(-s)/?3(-^))  = t'av3(—s)tvR3(—<p) 

= 

= aWR(R3(<f)v3(s)) 
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= t^Rsi-ip^vsi-s) 

= (tipR3{-p)t'aR3(p))(v3(-s)R3(-p)) 


implies  tv(R3(—<p)t'a Rz{p))  = t'a(v3(-s)t^v3(s)),  resp. 

(R3(-<p)t'sR3  (v?))C!  = ^1(^3(— -s)^v>v3(«)). 

Note  that  the  translation  (R3(—p)t'aR3{p))t'~l  has  trivial  x0-  and  x3-components, 
whereas  t^l{v3{— -s)fvu3(.s))  has  trivial  Xi-  and  X2-components.  We  can  conclude 

{R3{-p)t'aR3{ip))t'~l  = t;1(u3(-s)tvt;3(s))  = 1, 

resp.  tv  = v3(— s)tvv3(s)  Vs  € R,  implying  = = 0,  i.e.,  (3.4.4)  is  proven. 

3.5  Construction  of  the  Poincare  Group 

In  order  to  be  able  to  apply  Moore’s  cohomology  theory  we  assume  that  the 
Hilbert  space  R is  separable. 

In  this  section  we  consider  an  order-preserving  bijection  W i->-  ~R(W)  and 
assume  (3.4.1),  which  is  equivalent  to 

Jwi/R'(W2)Jw1  = Jwi Jw2R(W2yJw2Jwl  = 'R'(gwlW!1)> , Wi, W2  € W. 

Note  that  (3.4.1)  can  be  derived  from  Theorem  3.4.4.  We  will  show  that  (3.4.1) 
implies  the  existence  of  a strongly  continuous  representation  of  the  translation  group. 
If  we  use,  in  addition, 

(v)  n is  cyclic  for  n{Wl)f)'R{W2)  C 7 l(W),  for  0 ^ WifW2  C W and  W^DW'  / 0, 

then  we  can  even  prove  the  existence  of  a strongly  continuous  representation  U of  a 
covering  group  V+  of  V+  such  that  U(V+)  = J.  If  locality  is  fulfilled,  then 


jWon(W)jWo  = n(gWow),  w,w0ew, 
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and  we  even  obtain  a representation  of  V+.  Under  certain  conditions  it  was  shown 
in  [38]  that  quantum  field  theories  satisfy  our  assumption  (v).  Furthermore,  we  use 
this  relation  only  for  wedges  associated  to  modular  intersections  (see  below).  This 
condition  was  also  implicitly  assumed  in  [8],  where  Borchers  derived  the  existence  of 
a strongly  continuous  representation  of  the  Poincare  group  from  modular  covariance. 
The  claim  follows  too  if  we  replace  (v)  by  the  assumption 

(v’)  f } is  cyclic  for  n,e/7£(VU,),  whenever  n,e/jy,  contains  arbitrarily  large  double 
cones. 

(v’)  is  a consequence  of  isotony  and  the  positivity  of  energy  if  we  consider  a local  net 
of  von  Neumann  algebras. 

3.5.1  The  Translation  Group 

Lemma  3. 5. 1.1:  Let  W be  a wedge  and  x € R4  be  a vector  such  that  W + x C W . 
Denote  by  Jt  the  modular  conjugation  ofH(W  -\-tx),  i £ R.  { Jt } converges  strongly 
to  J0  for  t — > 0. 


Proof:  Let  {tn}  be  a decreasing  sequence  in  R which  converges  to  0.  {Jtn}  converges 
strongly  to  the  modular  conjugation  J of 


(unK(w  + tnx))"  = n c K{W) 


[17,  Corollary  A. 2].  We  will  show  J = J0.  Consider  an  arbitrary  A (E  + tx ), 

t > 0. 


JoJtnAJtnJo  € TZ{W  + (t  — 2tn)x) 


entails  J0JAJJ0  £ resp.  J0JTZJJ0  C 'Ji- 


ll C H{W)  = JoTliWyjo  C JoTl'Jo  = JoJKJJo  CK 
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proves  1Z  = 1Z{W).  Similarly,  we  can  show  the  strong  convergence  of  {J<„}  to  J0  if 
{<„}  is  increasing  to  0. 

Let  {t„}  now  be  a sequence  in  R which  converges  to  0.  There  is  a subsequence 
{tkn}  such  that  either  {£*„}  is  decreasing  to  0 or  such  that  {tfen}  is  increasing  to  0. 
In  both  cases  we  can  conclude  that  {«/tikn}  converges  strongly  to  J0 , i.e.,  J0  is,  in  the 
weak  topology,  the  only  accumulation  point  of  { Jt}  and  { Jt}  converges  weakly,  hence 
strongly,  to  J0  (t  — > 0). 

Lemma  3.5. 1.2:  Let  W be  a wedge  and  x G R 4 be  a vector.  Denote  by  Jt  the 
modular  conjugation  of  1Z(W  -f  tx),  t € R.  If  t Jt  is  strongly  continuous,  then 
U{t)  = JtJo  defines  a strongly  continuous  one-dimensional  group. 

Proof:  see  the  proof  of  [18,  Lemma  4.3.4] 

Theorem  3. 5. 1.3:  We  can  define  a strongly  continuous  representation  of  the  trans- 
lations by 

V(x0i  XUX2,X3)  = lfe(zo)Vl(zi)V3(z2)V3(£3), 

Vo(2x0)  = V\(2xx)  = J(oyXu0fl)T+wRJwR 

and 

V2(2x2)  = ^(o,o,r2,0 )T+W2(0)  ^w2(0)  ’ ^3(2X3)  = J(0fi}0tX3)T+w(°)Jwm- 

Proof:  Vi(t),  i = 1, 2, 3,  are  strongly  continuous  groups  by  Lemma  3. 5. 1.1  and  Lemma 
3.5.1. 2.  U±  (x0)  = «7(Xo/4,  + Xo/4 ,oi0)t+1vh4k  acts  as  a translation  by  (x0/2,  ±xo/2,0,0)T 
implying 

•^(xo,o,o,o)t+wr  = U+(xo)U-(xq)JwrU-(  xq )C7+(  2:0). 
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Therefore,  V0(t ) is  strongly  continuous  (Lemma  3.5. 1.1)  and  it  is  also  a group  accord- 
ing to  Lemma  3.5. 1.2.  V defines  a representation  (see  [18,  4.3]). 


Lemma  3. 5. 1.4: 

JwV(x)Jw  = V(gwx)  Vx  € R4 

for  any  wedge  W which  contains  the  origin  in  its  edge. 


Proof:  Set 

Z(t)  = V(—gwtx)J\vV{tx)Jw 

( x 6 R4  arbitrary  but  fixed).  Z(t)  is  a one-dimensional  subgroup  of  the  center  of  J\ 


z(t)K(w0)z(ty  = n(w0)  vw0  € w,  vt  e R, 

according  to  (3.4.1)  (V(£x)  € Je  implies  JwV(tx)Jw  € Je),  i.e.,  Z(t),  t € R,  com- 
mutes with  J\v0  VWo  € W and,  furthermore, 

Z(t  + s)  = V(-gw(s  + t)x)JwV((s  + t)x)Jw 

= V (—gwsx)V(—gwtx)J\vV{tx)JwJwV{sx)Jw 
= V[—g\ySx)Z{t)J\yV(sx)J\v 
= Z(t)Z(s). 

I = JwRJw(o)Jw(o)  acts  as  an  inversion.  However,  I does  not  necessarily  leave  the 
net  {7?.(VF)}wew  invariant.  Note  ( IJx+w  € Je) 


IJx+wI*  = (I  Jx+w)Jx+w(Jx+W  /*)  = J-(x+W)'  = J-(x-W)  — J-x+W 

for  x € R4  and  wedges  W which  contain  the  origin  in  their  edge.  IV(x)I * = V(— x) 
follows  now  easily  from  the  definition  of  V'(x)  implying 


Z(t)  = IZ(t)r  = Z(-t). 
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This  proves  Z[2t)  = 1. 

3.5.2  The  Lorentz  Group 

Throughout  this  section  we  assume  (v).  We  denote  by  ^(f)  the  boosts  in  the 
direction  of  the  xi-axis,  i.e., 

( cosh  2nt  — sinh  2nt  0 0 \ 

,.s  _ — sinh27rt  cosh27rt  0 0 

0 0 10' 

\ 0 0 0 1 / 

We  consider  a one-dimensional  subgroup  V : R i->-  V\  of  the  stabilizer  group  of 
(1,1,0, 0)T  satisfying 

vi(t)V(s)vi(-t)  = V(e-^s)  \/s,te  R (3.5.2.1) 

(see  (2.5)  in  [8]  or  [44]).  To  every  vi(t)  we  choose  a B[t)  G Je  which  acts  as  vi(t). 

Lemma  3. 5. 2.1:  Set  U(a ) = Jv(a/2)WRJ\vR ■ U{a ) acts  as  V(a).  Furthermore, 

U(a)n  = U(na)  Va  G R,  nGZ. 

Proof:  The  adjoint  action  of  gwR  inverts  the  elements  V(a)  (see  (2.5)  in  [8]).  It 
follows  now  that  U(a)  acts  as 

9v(a/2)wRgwR  = V(a/2)gwRV(-a/2)gwR  = V(a). 

Since  U{a)  and  U(a/2 ) commute  ( U(a ) differs  from  U(a/2 )2  by  a central 
element  of  J),  we  can  conclude,  for  n G Z, 

U{a)  = U(a/2)nU(a)U(a/2)~n 

= U(a/2)nJV(a/2)wRJwRU(a/2)~n 
= Jv((n+l)a/2)WRJv(na/2)WR ■ 
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Now  it  follows  easily  U(a)  1 = U(—a)  and,  for  n € N, 

U(d)n  = ( Jv{na/2)WRJv((n-l)a/2)WR ) - * ( Jv(a)WRJv(a/2)WR]{Jv(a/2)WRJwR ) 

— Jv(na/2)WRJwR 
= U(na). 


Lemma  3. 5. 2. 2:  U(a ) is  a group. 


Proof:  Choose  arbitrary  a, be  R.  [U(a),U(b)]  = [/(a)  ^(b)  lU(a)U(b ) is  a central 
element  in  J and 


B&l)-' U(a)  B(¥)  = 


(3.5.2. 1) 


2tt 


27T 


Jvi(-i&)V(a/2)WRJvl(-lg)WR  ~ U(2a) 


This  entails 


(7(6)]  = B(hH)-'[C(<0,{/(6)]B(hH)  = [U(2a),  1/(26)]. 


Elements  of  J which  act  in  the  same  manner  differ  only  by  a central  element,  i.e., 
they  commute.  It  follows  now  easily  from  Lemma  3.5.2. 1 


[[/(a),  [/(b)]  = [U(2a),U(2b)\ 

= U (2a)-1f/(2b)~1  U (2a)U  (2b) 

= U(a)-2(U(2b)~1U{a)U(2b))2 
= ([/(a)-1[/(2b)"1[/(a)[/(2b))2 
= ((U(a)~1U(b)~lU(a))2U(b)2)2 
= (U{a)-lU{b)~lU(a)U{b))A 
= [[/(a),  U(b)}\ 
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i.e.,  [U(a),  U(b)]3  = 1.  By  using  similar  arguments  we  can  even  conclude 

[U(a),U(b)\  = U(a)~1U(b)~1U(a)U(b) 

= U(a/3)~3(U(b)~1U(a/3)U(b))3 
= (UiaM-'iUiby'UiaWUib)))3 
= [U(a/3),  U(b)]3 
= 1. 

Now  we  can  show  that  U(a ) is  a group: 

U{a)U{b)  = (U{bl2)U{a)U{bl2)~l)U{b) 

= Jv(b/2)V(a/2)WRJv(b/2)WRJv(b/2)WRJwR 
= Jv(b/2)V(a/2)WRJwR 
= U(a  + b ) 


It  will  take  several  lemmas  to  show  that  the  set  U of  weak  limit  points  of 
sequences  {[/(a„)},  an  -f  0,  is  a compact  abelian  group  of  unitary  operators. 

Lemma  3. 5. 2. 3:  A 6 W entails  A*  Ell.  A,B(zU  implies  AB  E U.  Furthermore, 
U is  weakly  closed. 

Proof:  U[tn)  -»  A implies  U(-tn ) ->  A*  proving  the  first  claim.  If  A,  B € U , then 
there  are  sequences  {.sn},  {tn}  in  R converging  to  0 such  that  U(sn)  ->  A,  U(tn ) — >•  B. 
Let  d(-,  •)  be  a metric  on  the  unit  ball  of  bounded  operators  on  FI  which  induces  the 
weak  topology  [38,  Proposition  2.7],  There  is  a subsequence  of  {£„}  such  that 

0, 


d(U(sn)U(tkn),U(sn)B) 


n-Aoo 
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i.e., 

d(U(sn  + tkn),AB)  < d(U(sn)U(tkn),U(sn)B)  + d(U(sn)B,  AB)  ” ^ 0. 

We  have  proven  that  A,  B € U implies  AB  e U.  With  the  help  of  the  triangle  in- 
equality it  is  also  easy  to  show  that  U is  weakly  closed. 

Lemma  3. 5. 2. 4:  If  U contains  operators  which  are  not  unitary,  then  U contains  a 
projection  P ^ 1. 

Proof:  If  A G U is  not  unitary,  then  either  A* A ^ 1 or  AA * ^ 1,  i.e.,  U contains 
a positive  operator  B ^ 1.  Since  0 < B < 1,  {Z?n}  converges  weakly  towards  a 
projection  P ^ 1. 

Lemma  3. 5. 2. 5:  Set  IZa  = IZ(V(a)WR).  If  a\  < a2  < a3,  then 

nai  n na3  c Ka2. 


Proof:  We  can  assume  ai  = 0.  The  proof  of  Lemma  2.6  in  [8]  implies,  for  t > 0, 

wRnv(a3)wR  C i>i(f)(wHnv(a3)Wfl) 

(3='1)  WRnV(e~^ta3)WR 
C V{e~Ma3)WR 

proving  the  claim. 


In  the  following  we  will  denote  by  S the  strip  {z  € C | 0 < Imz  < |}. 
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Lemma  3. 5. 2. 6:  Let  Af  C M.  be  von  Neumann  algebras  for  which  0 is  cyclic  and 
separating,  i.e.  the  corresponding  modular  objects  Ajy,  Jjj,  Am,  Jm  are  well-defined. 
The  function  t £ R h*  (<£>,  A 'fiJ^Jj^A^ip),  p,ip  (z  Tl,  has  a continuous  extension 
f(z)  to  S which  is  bounded  by  ||<^||  ||^>||,  analytic  on  S,  and  such  that 

f(t  + i/4)  = ||  A^A ^1/4_'V  ||2,  for  t e R,  (p  = ip. 

The  operator  Alj[// A is  defined  on  the  domain  of  Afj^  and  the  norm  of  its  closure 
is  bounded  by  1. 


Proof:  First  we  want  to  show  that  t € R •->  (<p,  A'^Jm  J^A/pip)  has  a continuous 
extension  to  S which  is  bounded  by  ||  p ||  ||  ip  ||  and  analytic  on  S.  It  is  sufficient  to 
prove  this  for  p 6 Af'fl  and  ip  6 A fQ.  In  this  case,  f(z)  is  analytic  on  S,  continuous 
on  S,  and  bounded  by  sup0<t<1/2  II  aatVII  llAV^II-  Note 

J«JMAfJMJ«  C JmJmMJmJm  = JmM'Jm  c JmAT J*f  = Af, 


which  implies,  for  any  N € Af, 


= (j^Af)j^jMNn, 


resp.  ( t 6 R) 

/(<  + •/  2)  = (A 

= ((^A^J-Ai.'V.f^A^^^^AjV) 
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This  shows,  in  particular,  that  / is  bounded  by  ||<£>||  ||0||  (maximum  principle). 

In  order  to  prove  the  last  claim  we  consider  t € Rh4  ( A’J^p,  A^-ift),  p,  xp  6 'H. 
This  function  has  a continuous  extension  g(z ) to  S which  is  analytic  on  S and  bounded 
by  ||  p ||  ||  \l>  ||  such  that  g(t  + i/2)  = (A%tp,  JMJtfA%\J>)  for  t € R (see  the  proof 
of  [16,  Lemma  2.4]).  It  is  easy  to  show  g(it)  = (A^p,  Aj^x/f),  0 < t < 1/2,  for 
p € D( A*m)  and  xp  £ D(Ajf).  This  entails  that  A*MAj/  = (A^)*A^  is  defined  on 
D(Ajf)  and  its  closure  is  norm-bounded  by  1 (recall  that  g is  bounded  by  ||  p ||  ||  xp  ||). 
Note  A^Aj^2  = JmJm  (consider  g{i/2)). 

For  arbitrary  ip  = xp  £ H which  is  analytic  with  respect  to  Afj-  we  can  show 

now 

f(t  + i/4)  = (Ai.i'-1/V,^ArAX;‘+vV) 

= A^A^,/2a;'+1/V) 

= IIA^A^Vll1. 


In  the  next  lemma  we  will  often  use  the  following  fact  [17,  Corollary  A. 2].  Let 
{Mn}  be  an  increasing  sequence  of  von  Neumann  algebras  for  which  fl  is  a cyclic 
and  separating  vector.  If  f l is  separating  for  (U nMn)",  then  the  modular  operators 
(resp.  modular  conjugations)  of  {(A4n,17)}  converge  in  the  strong  resolvent  sense  to 
the  modular  operator  (resp.  strongly  to  the  modular  conjugation)  of  ((Un-Mn)",  ft). 

Lemma  3. 5. 2. 7:  U is  a compact  abelian  group  of  unitary  operators. 

Proof:  We  assume  that  U contains  a projection  limtn_>.o  U{tn)  = P / 1 and  derive 
a contradiction  (see  Lemma  3. 5. 2. 4).  By  considering  a suitable  subsequence,  we  can 
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assume  that  {f„}  is  decreasing  or  increasing  to  0.  Let  A0)t,  Ja ^ be  the  modular 
objects  of  (7^0  D 7^-6 , 17)  for  o,6g  R.  {IZ2  tnn7£o}  is  an  increasing  sequence,  according 
to  Lemma  3. 5. 2. 5.  Therefore,  {A^q}  converge  strongly  to  the  modular  unitaries  Alt 
of  ((Un(ft2<nn7*o ))",«). 

Choose  p G 7f\{0}  such  that  Pip  — 0.  Let  Aa,  Ja  be  the  modular  objects  of  Ha 
and  let  /vn(z)  be  the  continuous  extension  of  (ip,  A2tn07tn/2./2in>oAjt^)0<£)  t°  S which 
is  analytic  in  S (see  Lemma  3. 5. 2. 6 and  note  H2 <„  H Ho  C 72.<n/2).  We  want  to  show 
that  {/Vn(^)}neN  converges  pointwise  on  S to  0.  Later  we  will  find  a contradiction 
by  proving  that  this  is  impossible.  {Htn  D H-tn  } is  an  increasing  sequence,  according 
to  Lemma  3. 5. 2. 5.  Therefore,  {A^  _tn}  (resp.  {7tni_tn})  converge  strongly  to  the 
modular  unitaries  (resp.  to  the  modular  conjugation)  of  ((U„(7?.<n  r\H-tn))",  ff)  (note 
that  Lemma  3.5.2. 5 implies  U„(Htn  fl  H-tn)  C Ho).  U(—tn)(H.2tn  n Ho)U(tn)  = 
Htn  D H-tn  implies 

fifinii)  = A2tnioU(tn)JoJ2tn,oA2tn,0(P) 

= (^("“^n)^?  Atn  _tn  Jo72tn)oA2tni0v?), 

i.e.,  {/v„(<)}  converges  to  0 for  t G R ({£/(  — <„)}  converges  weakly  to  P*  = P and 
{^<!„-<„^o^2tr,1oAjf,nt  0v?}  converges  strongly).  Similarly,  we  can  prove  that  {fvn(t  + 
i/2)}  converges  to  0 for  t G R.  In  order  to  show  that  {fvn(z)}  converges  to  0 for  all 
z G S it  is  sufficient  to  consider  continuous  functions  {<7„(z)}  which  are  defined  on 
{z  G C | \z\  < 1}\{zi,z2}  for  fixed  zi,z2,  \z\  \ = |z2|  = 1,  bounded  by  1,  and  analytic 
on  {z  G C | |z|  < 1}  (compose  {/^(z)}  with  a conformal  map  which  maps  S onto 
{z  6 C | |z|  < 1}).  With  the  help  of  the  Poisson  kernel  and  the  bounded  convergence 
theorem  we  can  show  gn(z)  — > 0 for  |z|  < 1,  resp.  fvn(z)  — *•  0 for  z G S. 
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Now  we  will  find  a contradiction.  17  is  separating  for  (Un'7£tB/2)w,  since  17  is 
cyclic  for 


(Un^-<n/2)  — ^n'R-tn/ 2 -7  ^0  ^ (f^n^tn/2) 

= Jo(Tlo  n (nnJ0Jtn/lTltn/2Jtn/2Jo))Jo  — </o(7^0  n (C\n'TZ^tn/2))Jo 

(recall  Lemma  3. 5. 2. 5 and  that  {fn}  is  monotone).  Therefore,  the  modular  group  A'*4 
of  ((unntn/2)"  , 17)  is  well-defined.  Lemma  3. 5. 2. 6 implies 


0 = lim/vn(f  + i/4) 


= U“llAW!Af-0  'Vl!2 


> Urn  II A '■/-A-1/,*  A^AJ^-'V  f 


= limllA'V-A^-Vll2 
= II  A'i/4A-1/4-*V||2 
> 0. 


The  last  equality  follows  from  the  fact  that  A-1/4  is  the  strong  graph  limit  of  { A^Z/o}- 
We  only  have  to  show  ||  An/4A~1/4~tt(p  ||  ^ 0,  for  a t € R.  However,  the  function 
(A'‘V,  A‘V)  has  a continuous  extension  to  S which  is  analytic  on  S (see  the  proof 
of  Lemma  3. 5. 2. 6)  and  which  is  not  identical  0,  since  it  is  equal  to  ||  (p  ||2  at  t = 0. 
Furthermore,  it  agrees  with 

(v?,  A,-,'<+1/4A,4-1/V)  = (A*V,  A,1/4A‘<-1/V) 

at  t + */4  ( t € R).  This  entails  (A/,4y?,  Alll4Alt~ll4y>)  / 0,  for  a i 6 R ( zeros  of 
nonconstant  analytic  functions  are  isolated),  proving  the  claim. 

U is  weakly  closed,  i.e.,  U is  compact  with  respect  to  the  weak,  resp.  strong, 
topology.  Furthermore,  U is  abelian  (Lemma  3. 5. 2. 2). 
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Proposition  3. 5. 2. 8:  U(a ) is  a strongly  continuous  group. 

Proof:  We  have  to  show  that  U only  contains  the  identity.  Since  any  representation 
of  a compact  group  is  a direct  sum  of  finite-dimensional  irreducible  representations, 
which  are  one-dimensional  for  abelian  groups,  there  is  a countable  set  /,  subspaces 
Hi  C and  pairwise  different  characters  Xi  '-U  ^ {2  G C | |.z|  = 1}  such  that 

A<p  = Xi{A)y>  VA  e U,  <p  € Wi 

( i 6 I).  Since  the  adjoint  action  of  elements  of  Je  which  act  as  boosts  in  the 
direction  of  the  aq-axis  leaves  U invariant,  it  is  not  too  difficult  to  show  that  to 
any  t € R and  i € / there  is  an  i'  € / such  that  B{t)lii  = 'Hi'  (t7  is  fixed  by 
Xi'{A)  = Xi(B(t)~lAB(t))  for  A € U). 

Choose  arbitrary  *o  € I and  A € U.  It  is  sufficient  to  show  that  A acts  trivially 
on  'H,0.  There  are  ti  ^ t2  such  that  (R  is  uncountable  but  / is 

countable),  i.e.,  such  that 

B(tt)-'B(t2)HK  = H,„. 

Set  B = B(t{)~1  B{t2).  B differs  from  B(t2  — ti ) only  by  a central  element  of  J. 
There  is  a sequence  {sn}  which  converges  to  0 such  that  A = limnt/(5n).  Let  {sj,} 
be  the  sequence  which  is  determined  by 

£/(*.)  = - 1)<) 

The  sequence  {1/(5^}}  converges  too  (adjoin  {f/(sn)}  by  an  element  of  Je  which  acts 
as  a suitable  boost  in  order  to  obtain  {U(s'n)}).  We  will  call  the  limit  of  this  sequence 
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A'.  Note 


A = BA'B~lA '* 


and  that  A!  acts  as  a multiple  of  the  identity  on  V,i0  implying 


A\nio  = B\uio  A'\ni0  B l\nl0A'* \nio  = l|w,o. 

This  proves  the  claim. 


We  will  denote  by  Wo  the  set  of  wedges  containing  the  origin  in  their  edge 
and  by  J0  the  group  consisting  of  the  even  products  of  modular  conjugations  corre- 
sponding to  wedges  in  Wo. 

Lemma  3. 5. 2. 9:  W £ Wo  i-f  Jw  is  continuous  if  we  equip  Wo  with  the  same  topol- 
ogy as  in  [18]  (see  Section  3.2). 

Proof:  Since  W i-+  7 Z(W)  is  a bijection,  we  can  define  a homomorphism  </?0  : Jo  C\ 
by 

VK(W)V  = K(<p0{V)W)  VW  6 W,  V € Jo . 

According  to  Proposition  3. 5. 2. 8,  there  exist  strongly  continuous  one-parameter  sub- 
groups Vj  (t), . . . , V6(t)  of  Jo  such  that  the  generators  of  y0{Vi (t)), . . . , form 

a basis  of  the  Lie  algebra  of  C\  (C\  is  simple). 

If  { Wn  € W}  converges  to  W € W,  then  there  is  a sequence  {Ln  € £+} 
which  converges  to  the  identity  such  that  Wn  = LnW.  Hence,  there  are  sequences 
0inh--->{*6„}  such  that  tkn  -*  0 for  A:  = 1,...,6  and  Ln  = <p0(Vi(tln))  • ...  • 
MVe(ten)). 

Jwn  = JLnw  = (V1(t1J-...-V6(t6n))Jw(Vl(tln).....Ve(t6n)r 
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implies  the  strong  convergence  of  Jwn  — ► Jw- 

Of  course,  we  could  even  prove  the  continuity  for  W e W.  However,  in  this 
section,  we  are  only  interested  in  the  Lorentz  group. 

Lemma  3.5.2.10:  The  closure  of  J0  with  respect  to  the  strong  topology  will  be 
denoted  by  J0.  We  can  define  a strongly  continuous  homomorphism  <p  : J0  i-q  C\  by 

UK(W)U * = K(tp{U)W)  VW  € W.  (3. 5. 2. 2) 

Furthermore,  Jo  is  a central  extension  of  C\. 

Proof:  First  we  show  that  we  can  extend  <po  by  (3. 5. 2. 2)  to  a homomorphism  <p  : 
Jo  C\.  For  an  arbitrary  but  fixed  V e Jo  we  consider  a sequence  {14}  in  J0 
strongly  converging  to  V.  It  is  sufficient  to  show  that  there  is  a suitable  L G C\ 
such  that  V satisfies  (3. 5. 2. 2)  if  we  set  <p(V)  = L.  Apparently,  we  can  replace  {14} 
by  any  subsequence.  Set  Ln  = <po{Vn).  There  are  suitable  {an},  {/?„},  {7n},  { a'n }, 
{/%},  {7n}>  and  {^n}  in  R such  that 

Ln  = R3(an)Ri(fin)R3(7n)vi(tn)R3(a,n)Rl(fi'n)R3(j'n), 

where  vi  is  the  group  of  boosts  in  the  direction  of  the  aq-axis  and  Rx,  resp.  R3,  is  the 
group  of  rotations  about  the  aq-axis,  resp.  the  aq-axis.  By  considering  a subsequence 
we  can  assume  that  {an},  {/?„},  {7n},  {a'n},  {/?'},  {7^}  converge.  It  is  sufficient  to 
show  that  the  strong  limit  of 

{((jR3(a,n/2)WR  JwR  )(JRi  (0nj2)wW  Jw(  0)  )(JR3(ln/2)WRJwR))*Vn 

( ( Jr3(o,'J2)Wr  Jwr  )(JRi  (0IJ2)WW  JW(°)  ) ( ■ JR3 K/2) Wr  Jwr ) ) ' * } , 
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which  is,  according  to  Lemma  3.5. 2. 9,  equal  to  UiVU2,  for  suitable  U\,  U2  € Jo , acts 
as  an  element  of  by  (3. 5. 2. 2).  Note  that  the  elements  of  this  sequence  act  as 
ui(tn).  Therefore,  we  can  assume  an  = (3n  — 7„  = a'n  = /3'n  = 7'  = 0.  The  strongly 
convergent  sequence  ( U(a ) corresponds  to  the  group  in  Lemma  3. 5. 2. 8) 

(3=21)  U(e  + 2irt”) 

entails  that  there  is  not  a subsequence  of  {fn}  such  that  tkn  -t  00  or  tkn  — > 

+ 1 — J 

—00  for  the  limit  of  {I4"~  U(l)Vn+  } is  not  the  identity.  Hence,  we  can  assume 
that  {<„}  converges  to  t0  (replace  {14}  by  a suitable  subsequence).  The  limit  of 
i(JVl (tn/2)w^Jw^yV^  acts  trivially  on  the  net,  i.e.,  its  limit  (JVl{to/2)w(o)Jw(o)]*V 
acts  also  trivially  on  the  net,  since  von  Neumann  algebras  are  closed  with  respect  to 
the  strong  topology.  V satisfies  (3. 5. 2. 2)  if  we  set  <p(V)  = iq (t0). 

It  remains  to  show  that  is  continuous.  The  proof  above  implies  that  to  an 
arbitrary  sequence  {14}  in  J0  which  strongly  converges  to  1 there  is  not  a subsequence 
of  {</?(14)}  without  an  accumulation  point.  If  a subsequence  {viYkn)}  would  converge 
to  a nontrivial  element  of  C\ , then  the  continuity  of  W Jw  would  imply 

fai  = 14„  J Wi  Vk*n  = Jlimn  — J\V2, 

for  suitable  wedges  W\  / in  Wo.  We  would  obtain  the  contradiction  1 = 

= 9w1gw2  7^  1- 

The  continuity  of  <p  could  be  proven  without  the  additional  assumption  (v) 
which  we  used  in  this  section.  It  already  follows  from  (3.4.1)  and  (i)  of  the  strong 
CGMA  if  we  use  the  strong  continuity  of  the  translation  group  rather  than  of  the 
group  in  Lemma  3. 5. 2. 8.  However,  the  proof  above  can  also  be  applied  to  de  Sitter 
space  (where  we  do  not  have  any  translations). 
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Lemma  3.5.2.11:  <p  is  open  and  continuous. 

Proof:  According  to  Lemma  3.5.2.10  it  remains  to  prove  the  openness  of  p.  Hence,  it 
suffices  to  show  that  p maps  an  arbitrary  neighborhood  V of  the  identity  in  J0  onto 
a neighborhood  of  the  identity  in  C\.  If  we  assume  the  contrary,  then  we  can  find 
Ln  € £+\v?(V)  converging  to  1.  We  can  assume 

Ln  = ^3(an)«l(/?n)^3(7n)t;i(<n)«3K)i2l(^)i23(7;) 
such  that  {a„},  {/3n},  {7„},  {fn},  {a'„},  {/?'},  and  {7^}  converge  to  0.  Set 

An  — (JR3(an/2)WRJwR)(JR^  (f3n/2)W^  Av]0*  R-z(~1n/2)WRJwR  ) 

( JVl  (t„/2)  W2(0)  JWW  )(JRs«/2)Wr  Jwr  )(JRi  (P!n,2)w!?)  JW^  )(JRshU2)WRJwR). 

p(An)  = Ln  implies  An  £ V in  contradiction  to  An  — > 1. 

Theorem  3.5.2.12:  There  is  a representation  (j>  '•  Sl(2,  C)  Jo  which  is  strongly 
continuous  and  such  that 

UK(W)U*  = K(<t>(U)W)  WW  € W,  U € Sl(2,  C).  (3.5.2.3) 

Proof:  We  apply  Moore’s  cohomology  theory  [34].  Note  that  (Sl(2,  C),7r)  is  the 
universal  covering  group  of  the  Lie  group  £+,  where  n is  the  canonical  epimorphism 
(for  semi-simple  Lie  groups,  the  topologically  defined  universal  covering  group  agrees 
with  the  universal  covering  group  in  Moore’s  sense).  (Jo,p)  is  a central  extension 
of  £+  by  the  Polish  group  ker<^  (recall  Lemma  3.5.2.11  and  that  we  assume  that 
the  Hilbert  space  is  separable).  Hence,  we  can  conclude  that  there  is  a continuous 
homomorphism  <f>  : Sl(2,  C)  J0  such  that  p o <j>  = n.  However,  ~J^  = Jo  (every 


94 


element  of  Jo  is,  up  to  a central  element,  contained  in  Jo)  implies 


</>(Sl(2,  C))  = </>(Sl(2,C ))'  C Jo  = Ji  C Jo. 


3.5.3  The  Poincare  Group 

Now  we  will  prove  that  (3.4.1)  and  (v),  resp.  (v’),  imply  the  existence  of  a 
strongly  continuous  representation  of  the  covering  group  V+  of  V+  which  is  generated 
by  the  universal  covering  group  V\  of  V\  (resp.  SL(2,  C)  and  the  translation  group) 
and  an  inversion  / which  commutes  with  the  elements  of  SL(2,  C),  inverts  transla- 
tions, and  whose  square  is  equal  to  the  nontrivial  central  element  Z of  V\. 

Lemma  3. 5. 3.1:  Je  is  perfect. 


Proof:  To  arbitrary  WUW2  € W,  there  is  a P e V\  such  that  PWX  = W2.  Let 
K e v7e  act  as  P.  Hence 

Jw\  Jw2  ~ Jwi  JpWi 

= JWi{KJWlK~l) 

— (JwiKJw^K-1 

e X, 

where  we  used  JWxJ'eJw,  = {Jw,JeJw,)'  = Jf 

Theorem  3.5. 3.2:  Assume  (3.4.1),  that  W ^ H(W)  is  an  order-preserving  bi- 
jection,  and  (v)  ( note  that  (3.4-1)  can  be  derived  from  the  strong  CGMA).  There 
is  a strongly  continuous  representation  U of  the  covering  group  V+  of  V+  such 
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that  U(V+)  = J . The  adjoint  action  of  elements  of  U{V\)  = Je  leaves  the  net 
{Tl{W)}wew  invariant  and  acts  geometrically  correctly.  U(Z ) = JwJw  (W  € W 
arbitrary)  leaves  the  net  pointwise  fixed.  The  inversion  I 6 V+  satisfies 

u(i)n{w)u(iy  = K(-w'y  vw  e w. 


Proof:  Theorem  3. 5. 1.3,  Lemma  3.5. 1.4,  and  Theorem  3.5.2.12  imply  that  there  is 
a strongly  continuous  representation  U : V+ \ -*  Je.  We  want  to  show  U(V\)  = Je. 
Define  an  epimorphism  by 

U:V\xZ^Jt,  U((g,h))  = U{g)h 
(Z  denotes  the  center  of  Je).  We  can  conclude 

V(V\)  = V(v\  x i)  = u(vl  x zy  = x = J- 

Let  /?3(<p)  be  the  lifting  of  the  rotation  group  about  the  x3-axis  (in  V+),  i.e.,  in 
particular,  Z = R3(2n).  Jr3{k/2)wrJwrU  (R3(n))~l  leaves  every  wedge  algebra  fixed, 
i.e.,  it  lies  in  the  center  of  Je.  We  can  conclude  either 

Jr3(*/2)wrJwr  = U(R3(tt))  or  Jr3(*/2)wrJwr  = U(R3(7r))U(Z)  (3.5. 3.1) 

and  then,  in  any  case, 

Jr3(*/2)wrJwr  = U(R3(n/2))jR3(Ti2)wRJwRU(R3{-n/2)) 

= Jr3^)WrJr3(^I2)Wr- 
This  proves  (use  (3.5.3. 1)  and  Z2  = 1) 

U(z ) = U(R3(n))2 


- {Jr3(«I2)WrJ\Vr)2 
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= (JR3(*)WRJR3(*/2)WR){JR3(n/2)WRJwR) 
= Jr3(t)WrJ\Vr 
= Jw'rJwr- 


According  to  (3.4.1),  Jw^JwR  leaves  the  net  {'R{W)}wew  pointwise  fixed,  i.e.,  it 
commutes  with  any  modular  conjugation.  To  every  W G >V  there  is  a K e Je  which 
maps  WR  onto  W G W,  i.e.,  such  that 

Jw'rJwr  = K JW'rJwrK~x  — Jw'Jw- 

We  still  have  to  prove  that  U can  be  extended  to  a representation  of  V+.  Set  U(I)  = 
Jwi<»U(R3(ir)).  Note 

U(lf  = JwmU(R3(n))JwmU(R3(n)) 

= Jw(o)JwmU(R3(n))U(R3(n)) 

= U(R3(2n)) 

= U(Z). 

We  conclude  (U(I)Jw  € Je) 

u(i)K(w)u(iy  = Jw(oMW)nw)(Jw(0)u(R3(n))y 

3 3 

= Jw<.°)U(R3(n))Jw'R{W),JwU(R3(—Tr))Jw(o) 

r 3 

= n{-gwwy 
= n{-wry 

'iW  G W.  In  particular,  we  obtain 


u(i)n{w)u{iy  = n(wy 
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if  W € Wo  (Wo  denotes  the  set  of  wedges  which  contain  the  origin  in  their  edge), 
i.e., 

u(i)jwu(iy  = jw  vw  € w0. 

Hence,  U(I)  commutes  with  £/(SL(2,C)).  U(I)V(x)U(I)*  = V(-x)  follows  from 
Lemma  3. 5. 1.4.  Therefore,  U can  be  extended  to  a representation  of  "P+,  which  is 
strongly  continuous.  U{V\)  — Je  implies  U(V+)  = J . 

Corollary  3. 5. 3. 3:  If  locality  is  fulfilled,  in  addition  to  the  assumptions  in  Theorem 
3. 5.3.2,  we  obtain  a representation  U ofV+.  The  representation  satisfies 

U(gw ) = Jw  wwe  w. 

It  acts  geometrically  correctly  and  U(V+)  = J . Furthermore,  the  adjoint  action  of 
modular  conjugations  leaves  {7 ^(VT)}wevv  invariant  and  the  action  is  given  by 

JWoU{W)JWo  = 7l{gWoW)  W,Wo€W. 

In  particular,  Haag  duality  is  fulfilled. 

Proof:  We  obtain  a representation  of  P+  if  and  only  if  JwJw  = U(Z)  = 1 for 
W € W.  Assume  locality.  We  can  conclude 

K(W)  = 7 l(gwgwW) 

= Jw'Jw7Z(W)JwJw 
= JwK(W)'Jw, 

D Jw.K{W')Jw. 

= K(w'y 

d n{{wy) 

= 71{W), 
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i.e.,  TZ( W)'  = 'R(W')  VW  € W.  Haag  duality  is  satisfied  and  U(Z)  = 1.  The  adjoint 
action  of  Jw0  leaves  {TZ(W)}w^w  invariant: 

Jw0'R(W)Jw0  = JwqJw^W)'  JwJw0 

= ,R-{gw0gwW) 

= K(gw0w ) 

VW  € W.  U(V+)  = J implies  that  there  is  exactly  one  element  in  J which  acts  as 
gw  for  G W,  i.e.,  U(gw ) = Jw ■ 

Theorem  3. 5. 3. 4:  The  conclusions  of  Theorem  3. 5. 3. 2 and  Corollary  S.5.3.3  still 
hold  if  we  assume  (v’)  instead  of  (v). 

Proof:  We  can  proceed  as  above  if  we  replace  in  the  proof  of  3.5.2. 7 lZa  D IZf,  by 
nw3V(a)w«nV(6)vv«7?.(W).  Note 

1Z(V(c)Wr)  D nVV:)v(a)W/lnV(6)Wfi'^(M/), 

for  a < c < b. 


3.6  Geometric  Action  of  Modular  Groups 

It  will  be  shown  that  modular  covariance  is  fulfilled  if  the  adjoint  action  of 
modular  groups  of  wedge  algebras  leaves  the  net  {7?.(W)}wew  invariant  and  if  the 
corresponding  geometric  action  of  the  group  elements  can  be  implemented  by  point 
transformations  on  Minkowski  space.  To  ensure  the  latter  condition  we  proceed  as 
above,  i.e.,  we  assume  that  the  strong  CGMA  is  satisfied  with  (iv)  replaced  by: 
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(iv’)  The  adjoint  action  of  elements  of  the  modular  groups  A'*,  t G R,  of  pairs 
(7£(JTo),  fi),  Wo  € W,  leaves  the  net  {R-{W)}w£W  invariant,  i.e.,  for  W G W, 

Ait'R{W)A~it  = ft(Wt), 

Vt  6 R and  suitable  wedges  VPf  G W. 


Our  assumptions  ensure  that  the  geometric  action  of  the  modular  groups  A'*,  t G R, 
of  wedge  algebras  is  implemented  by  elements  Lt  of  the  extended  Poincare  group, 


i.e.. 


A,tH(W)A~,t  = H(LtW)  Vf  G R,  VW  G W 


(3.6.1) 


(see  Theorem  3.1.3).  It  will  be  shown  that  under  our  assumptions  the  modular  groups 
act  geometrically  as  we  expect  from  [4,  5],  i.e.,  that  modular  covariance  is  fulfilled. 
In  the  following  this  means  that  if  A'*,  1 G R,  is  the  modular  group  of  the  wedge 
algebra  ^(VPh),  then  we  find 

( cosh(27rt)  sinh(l27rf)  0 0 \ 

Ltx  = 


sinh(t27rt)  cosh(27r<)  0 0 

0 0 10 

0 0 0 1 / 


x Vx  G R , < G R 


(3.6.2) 


(-  for  a representation  of  positive  energy  and  + for  a representation  of  negative 
energy).  The  geometric  action  of  modular  groups  of  other  wedge  algebras  can  be 
derived  from  (3.6.2). 

In  this  section  we  will  assume  that  the  Hilbert  space  is  separable.  (3.6.2) 
implies  that  the  modular  groups  induce  a representation  of  the  covering  group  of  the 
Poincare  group  [13]. 

Modular  covariance  implies  that  the  group  generated  by  the  modular  groups 
is  identical  to  the  group  consisting  of  even  products  of  modular  conjugations.  As 
shown  in  [25]  (the  proofs  are  also  applicable  to  our  slightly  different  setting),  the 
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adjoint  action  of  modular  conjugations  leaves  the  net  {R.{W)}wew  fixed  if  and  only 
if  locality  is  fulfilled.  In  this  case,  we  even  obtain  a representation  of  the  Poincare 
group  V\  (see  also  [8]).  Furthermore,  we  find  the  same  geometric  action  of  the  mod- 
ular objects  as  in  (3.3.1),  resp.  [4,  5]. 

3.6.1  Modular  Groups 

Theorem  3. 6. 1.1:  If  the  strong  CGMA  is  satisfied  (with  (iv)  replaced  by  ( iv’) ),  then 
the  modular  groups  of  the  wedge  algebras  generate  a representation  of  the  covering 
group  of  the  Poincare  group  V\  of  positive  or  negative  energy.  Furthermore,  the 
groups  act  geometrically  as  the  associated  Lorentz  boosts  (see  (3.6.2)),  i.e.,  modular 
covariance  is  fulfilled. 

Proof:  Call  the  group  generated  by  the  modular  groups  M.  and  the  corresponding 
subgroup  of  the  extended  Poincare  group  fC.  Condition  (i)  of  the  strong  CGMA  and 
Theorem  3.1.3  ensure  that  there  is  indeed  a well-defined  homomorphism  ng  : A4  —>  1C 
defined  by 

GK{W)G*  = K{ng(G)W),  for  GeM,W  e W, 

since  only  the  identity  of  the  extended  Poincare  group  acts  trivially  on  the  set  of 
wedge  algebras.  Repeatedly,  we  will  use  that  every  G € M with  ng(G)  = 1 lies  in  the 
center  of  M.  because  of  the  uniqueness  of  the  modular  groups  {G/R,{W)G*  = V,{W) 
for  every  W e W). 

Set  Ac  = TZ(Wr  + c),  for  c € R4.  Let  A’4,  t e R,  be  the  modular  group  of 
{Ac,  fl).  We  will  determine  the  geometric  action  of  the  modular  group  Aq  , IfR. 
By  using  Theorem  3.1.3  we  obtain  'it  e R an  element  Lt  = of  the  extended 

Poincare  group.  To  every  Lt  there  exists  an  at  e R4,  a real  number  kt  ^ 0 and 
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a homogeneous  Lorentz  transformation  At  such  that  Ltx  = ktAtx  + at  Vx  G R4. 
Lt  = (Li)2  implies  kt  > 0 and  At  £ V\.  The  geometric  action  of  Atf  can  be 
described  by 

Ao'K(jr[e1,e2,a])Ao‘t  = K(W[AteuAte2,  Lta]), 


for  arbitrary  a £ R4  and  linearly  independent  lightlike  vectors  ei,  e2  in  the  forward 
lightcone. 

A(/i+  is  a multiple  of  l1+  and  Atl\-  is  a multiple  of  /j_  because  of  A<  £ V\ 
and  Ao^Ao’*  = Aq. 

Therefore,  Lt  has  to  be  of  the  following  form  (with  e^‘  = kt , i.e.,  e~t3tLt  £ V\) 


Ltx  = 


oPt 


( cosh(at)  sinh(at)  71  < 7 2t  \ 

sinh(a<)  cosh(a<)  73t  -y4t 

0 0 75*  76 1 

\ 0 0 Trt  7s  t 


f 5lt\ 
$2 1 
<$3t 

\ ^ t ) 


\/x  £ R4, 


for  suitable  € R.  By  using  Aq  = 

Aq  A»Aq we  conclude  Su  = S2t  = 0. 


at  and  (3t  are  uniquely  defined  for 


eP,  f cosh(at)  sinh(a<)  \ _ ^ / cosh(a,<)  sinh(aj)  \ 
\ sinh(a*)  cosh(at)  ) y sinh(aj)  cosh(aj)  J 


implies 

ePt-P[  _ / cosh(aJ  - at)  sinh(«;  - at)  \ 

V sinh(a't  — at)  cosh(aJ  — at)  J ’ 

respectively  at  = a't  and  (3t  = f3't. 

t at  and  t »->■  /3t  are  group  homomorphisms  of  (R,  +)  into  (R,  +)  for  ng  is 
a homomorphism.  Now  we  want  to  show  that  the  homomorphisms  ft-)-  ±at  + /3t  are 
continuous.  If  t t-*  at  + /3t  is  not  continuous,  then  there  are  tn  £ R such  that  tn  — y 0 
and  either 


atn+  Pt„  > C > 0 Vn  £ N or  atn  + /3tn  < c < 0 Vn  £ N, 
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for  a suitable  c.  It  is  enough  to  consider  the  first  case  (replace  tn  by  — tn  in  the  other 
case).  Aq">I/1+ Aq  ,<n  C 1+  follows  from  Ltli+  = eat+/?t/1+  modulo  vectors  in  the 
direction  of  the  x2-axis  and  the  x3-axis.  Choose  A E «4/1+  and  B E A'eCll + which  do 
not  commute.  Then 

[Ai'MA-i(",B]  = 0, 

however,  {[AqMAq ,t",  5]}  converges  weakly  against  [A,  B]  ^ 0.  This  proves  the 
continuity  of  1 at  + /3t.  A similar  argument  shows  that  t i->  — at  + /3t  is  continuous. 
It  follows  at  = \t  and  (3t  = pt,  for  suitable  A,^  E R,  which  are  independent  of  t [27, 
1.2.12.]. 


(A<(0, 1,0, 0)T,  At(0, 0, 1, 0)T) 


(Af(l,  0, 0, 0)T,  A*(0, 0, 1, 0)T)  =0 


implies 


sinh(Af)7x*  = cosh(Af)73t  and  cosh(Af)7lt  = sinh(At)73t, 


i.e.,  7 u = j3t  = 0.  Similarly,  it  follows  7 2i  = 74 < = 0. 


75 1 76 1 
lit  1st 

rotation  about  the  xx-axis  (det  At  = det  AiAi).  We  obtain  for  Lt  the  form 


has  to  be  a 


Ltx  = eM< 


\ 


( cosh(At)  sinh(Af)  0 0 

sinh(Af)  cosh(Af)  0 0 

0 0 cos  pt  sinp( 

\ 0 0 — sin  pt  cos  pt 


x + 


/ 0 \ 

0 

<£3 1 

V I 


VieR4 


with  suitable  pt  E R.  If  we  call  the  elements  in  M associated  to  the  modular  group 
of  (^4/1+ , 0)  L\,  i.e.,  L't  = 7t9(A)[+),  then,  Vx  € R4, 


L'tx  = e 


( cosh(AT)  sinh(AT)  0 0 

sinh(AT)  cosh(A't)  0 0 

0 0 cos  p\  sin  p\ 

0 0 — sin  p\  cos  p\ 


x + 


( "it  \ 
v'i  t 
fit 
\ ^2 1 ) 


for  suitable  A',  p' , p't,  8'u,  S2t  E R and  with  1 /u  = i/2t  = 1 — e(A'+^')t  (proceed  as  above 
and  use  A][+.4/1+ = Ail+  implying  L'tli+  = /1+  modulo  vectors  in  the  direction 
of  the  X2-axis  and  the  x3-axis). 
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(A+  c Ao,  fl)  is  a half-sided  modular  inclusion.  This  follows  easily  from  the 
form  of  Lt.  We  can  define  a group  Wi(s),  s € R,  by  Wx(^(e-2irt  — 1))  = LtL'_t 
[40,  42].  We  know 

LtWx(\)L.t  = Wx(e*M)  (3.6.1.1) 

and 


Wk(il)Wr[/1+)/1-l0]  = W[l1+,  /!_,/!+].  (3.6.1.2) 


Lt  and  L\  commute  modulo  translations,  i.e.,  LtWi(l)L-t  = W\(e  + 2irt)  does  not 
depend  on  t (modulo  translations).  This  implies  that  W\  is  a group  of  translations. 
It  follows  A = A',  p = //,  pt  = p\ , and 


Wx(s)x 


( - \ 

s 

i ^8 

V W 


Vx  € R4,  Vs  € R, 


for  suitable  ka,ls  e R.  Furthermore,  (3. 6. 1.1)  and  (3. 6. 1.3)  entail 


(3.6.1.3) 


A + p € {— 2tt,  2tt}.  (3.6.1.4) 

The  half-sided  modular  inclusion  C Ao,  ft)  provides  a second  group  W2(t), 

t G R,  of  translations  which  lies  in  Ai.  (3. 6. 1.3)  and  the  corresponding  identitiy  for 
W2(  1)  entail 


/ 1 N 

/ -i  \ 

VFj(tl)x  = x + 

1 

and  W2{±\)x  = x + 

1 

9i 

92 

\hi  J 

\ ^2  / 

VFi(±l)W2(j;l)  is  a translation  by  (0,2, + g2,hx  + fi2)T,  for  a suitable  choice  of 
the  signs.  By  choosing  a suitable  coordinate  system  (rotate  about  the  xt-axis  if 
necessary),  we  can  assume  gx  + g2  = 0.  To  every  element  of  the  modular  group  of 
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('Jl(W[l2+,l2-,0]),Q)  there  corresponds  an  element  Kt  in  M.  We  can  prove  a gen- 
eral form  of  Kt  similarly  as  for  Lt.  In  R2,  a nontrivial  composition  of  a dilatation 
and  a rotation  does  not  commute  with  nontrivial  translations.  Therefore,  the  exis- 
tence of  the  nontrivial  translation  Wi(  il)W2(±  1),  which  lies  in  M,  leaves  the  wedge 
W[/2+,  /2_ , 0]  fixed  and  necessarily  commutes  with  Kt  (a  unitary  operator  leaving  the 
vacuum  fixed  and  acting  geometrically  as  this  translation  commutes  with  the  mod- 
ular group  of  (7?.(VF[/2+,  /2_,  0]),  17)  because  of  the  uniqueness  of  the  modular  group) 
implies  that  Kt  is  of  the  form 


Ktx  = 


/ 

cosh(u;f) 

0 

sinh(u;f) 

0 \ 

( ° \ 

0 

1 

0 

0 

x + 

d[ 

0 

sinh(u;t) 

0 

cosh(u;f) 

0 

V 

0 

0 

0 

1 J 

V d2  / 

t,  Vx  € R4,  (3.6.1.5) 


for  suitable  d[ , d!2  £ R,  u>  — +27T.  By  using  the  half-sided  modular  inclusions 
(7£(VF[/2+,/2_,  ±/2  + ])  C 7?.(W[/2+,/2_,0]),fI)  we  obtain  again  two  groups  of  transla- 
tions (compare  Wi(s),  VF2(t)).  (3.6. 1.5)  and  the  property  corresponding  to  (3. 6. 1.1) 
entail  that  the  parts  of  the  translations  in  the  direction  of  the  aq-axis  and  the  a: 3-axis 
are  trivial,  i.e.,  M contains  the  translations  in  the  directions  of  /2+  and  /2_  (compare 
(3. 6. 1.3))  and,  therefore,  nontrivial  translations  in  the  direction  of  the  x2-axis.  This 
implies  /a  = pt  = 0 if  we  use  the  uniqueness  of  the  modular  group  of  («4o,  0)  (such 
translations  commute  with  Lt).  Thus,  we  have  proven  that  Lt  is  of  the  form 
( cosh(At)  sinh(A<)  0 0^  / 0 \ 

x + 


Ltx  = 


0 

^3 1 

V J 


Vx  £ R4, 


sinh(At)  cosh(At)  0 0 
0 0 10 
\ 0 0 0 1 / 

for  suitable  A ,S3t,84t  £ R.  Furthermore,  we  know  A = ±2tt  (see  (3. 6. 1.4)).  For 
arbitrary  wedge  algebras  we  can  derive  a similar  form  for  the  geometric  action  of  the 
modular  groups. 

By  using  a finite  number  of  modular  groups  of  wedge  algebras  we  can  generate 
A4,  which  is  a central  extension  of  the  Poincare  group  (see  above),  in  the  following 
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way.  Choose  modular  groups  such  that  we  obtain  a nontrivial  translation  group. 
For  example,  the  modular  inclusion  (^4/1+  C -4o,fi)  provides  a nontrivial  translation 
group  in  the  direction  of  /i+.  Furthermore,  we  need  three  modular  groups  which  act 
geometrically  (modulo  translations)  as  the  boosts  in  the  directions  of  the  a^-,  x2-  and 
x3-axes.  We  obtain  a group  which  acts  transitively  on  W,  i.e.,  it  is  identical  to  M 
and  7r g(AA)  = fC  = V\.  There  is  a unitary  A E AA  which  acts  geometrically  by 

/ 1 0 0 0 \ 

0 10  0 

0 0-10 

\ 0 0 0 -1  / 

Then  A commutes  with  Vf  E R ( A*AoA  = Aq),  i.e.,  S3t  = S4t  = 0 Vf  E R.  Using 
the  transitivity  of  AA  on  the  set  of  wedges  we  can  conclude  that  the  modular  in- 
clusions (fc(W[e1,e2,e1])  C ^(W[ej,e2,0]),n)  (elf  e2  arbitrary  linearly  independent 
lightlike  vectors  in  the  forward  lightcone)  are  all  either  -fhalf-sided  modular  inclu- 
sions or  all  -half-sided  modular  inclusions.  As  in  [13],  we  can  prove  that  AA  gives 
rise  to  a representation  of  the  covering  group  of  the  Poincare  group  of  positive  or 
of  negative  energy  depending  on  the  kind  of  half-sided  modular  inclusions  we  obtain 
above. 

3.6.2  Modular  Conjugations 

Theorem  3. 6. 2.1:  Assume  that  the  strong  CGMA  (with  (iv)  replaced  by  (iv’))  is 
fulfilled.  The  group  generated  by  the  modular  groups  of  wedge  algebras  is  equal 
to  the  group  consisting  of  the  even  products  of  modular  conjugations.  The  adjoint 
action  of  the  modular  conjugations  leaves  the  net  of  wedge  algebras  invariant  if  and 
only  if  locality  is  fulfilled,  i.e.,  if  and  only  if  fl(W')  C Tl(W)'  for  W E W.  The 
modular  conjugations  act  geometrically  as  in  (3.3.1)  in  this  case.  Furthermore,  we 
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obtain  a representation  of  the  Poincare  group  V\  and  wedge  duality  is  fulfilled. 

Proof:  Let  M be  the  group  generated  by  the  modular  groups  of  wedge  algebras  and 
Kg  : M ->  V\  the  epimorphism  induced  by  the  geometric  action.  M is  isomorphic 
to  the  Poincare  group  P+  or  to  the  covering  group  of  P+.  We  know  that  the  adjoint 
action  of  JwR  leaves  M invariant  [13].  In  addition, 

ng(JwRGJwR)  = 9wRng(G)gwR  VG  G M (3. 6. 2.1) 

with 

/ -1  0 0 0 \ 

0-100 

9Wr  0 0 10* 

0 0 0 1 / 

It  will  be  shown  that  the  product  of  two  modular  conjugations  lies  in  M.  The 
adjoint  action  of  elements  of  Ai  maps  wedge  algebras  onto  wedge  algebras,  i.e., 
modular  conjugations  onto  modular  conjugations.  If  Tl{Wx),  7 Z(W2)  are  two  wedge 
algebras  with  modular  conjugations  Ju  J2,  then  there  exists  a G € M such  that 
GK{WX)G*  = %{W2),  i.e., 

J1J2  = Ji(GJxG*)  = ( JxGJt)G * G M. 

Therefore,  the  group  consisting  of  the  even  products  of  modular  conjugations,  which 
contains  all  translations,  is  a normal  subgroup  of  M.  It  follows  easily  that  this  group 
is  identical  to  M. 

(K{WR)'  = JwRP{Wp:)JwR,fl)  has  the  same  modular  group  as  [P(W'R),  f2), 
i.e.,  if  fl(WR)'  is  a wedge  algebra,  it  must  be  equal  to  V,(W'R),  since  the  algebras 
are  not  abelian  (an  abelian  von  Neumann  algebra  with  cyclic  vector  is  maximally 
abelian)  and  since  the  elements  of  modular  groups  associated  to  wedges  different 
from  W and  W'  act  geometrically  differently.  In  this  case,  wedge  duality  is  fulfilled. 


107 


Locality  implies  wedge  duality  for  the  adjoint  action  of  the  modular  group  of 
(7Z(WR),  Cl),  hence  of  (JwR'R-(WR)JwR,ft),  leaves  V,(WR)  C Jwr'R(Wr)Jwr  invari- 
ant. 

It  remains  to  show  that  wedge  duality  implies  the  invariance  of  the  net  with 
respect  to  the  adjoint  action  of  modular  conjugations  Jw,  W 6 W.  To  any  W0  <E  W, 
there  is  a G G M such  that  H{WQ)  = GTl(W)G~1 , i.e., 

Jw'R(Wq)Jw  = (JwGJw)Jw'R-(W)Jw{JwGJ\y)~l  i 
which  is  a wedge  algebra  if  wedge  duality  is  satisfied  (recall  (3. 6. 2.1)). 


CHAPTER  4 

GEOMETRIC  MODULAR  ACTION  ON  DE  SITTER  SPACE 

We  can  embed  de  Sitter  space  into  five-dimensional  Minkowski  space 

dS4  = {x  € R5  | Xq  — x\  — x\  — £3  — x\  — —1} 

with  the  induced  metric  and  causal  structure  from  Minkowski  space.  Again  we  use 
wedgelike  regions  in  order  to  define  W: 

W = {W  fl  dS4  | IT  is  a wedge  in  five-dimensional  Minkowski  space} 

For  future-directed  lightlike  and  linearly  independent  fc,  l we  define  an  element  of  W 

by 

W[k,l\  = {ak-pl  + hedS4\a,(3>0,(k,h)  = (l,h)  = 0}. 

Similarly,  we  can  define  W and  wedges  W[k,l]  for  three-dimensional  de  Sitter  space 
dS3.  We  denote  by  S the  de  Sitter  group,  which  can  be  identified  with  the  Lorentz 
group  of  five-dimensional  Minkowski  space. 

Motivated  by  Bisognano-Wichmann  type  theorems  for  wedge  algebras  [9,  12] 
we  choose  again  the  set  of  wedges  W and  consider  a net  of  von  Neumann  algebras 
{7£(W)}weW  acting  on  a Hilbert  space  H and  satisfying  the  CGMA  for  a vector 

0 € n. 

Since  the  third  condition  of  our  strong  CGMA  is  trivially  satisfied  for  arbitrary 
pairs  of  wedges  in  de  Sitter  space,  we  will  use  in  this  chapter  the  following  modified 
form  of  the  strong  CGMA. 
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Strong  Condition  of  Geometric  Modular  Action:  Let  {R,(W)}wew  be  a net  of 
von  Neumann  algebras,  which  act  on  a Hilbert  space  U.  Let  f)  G W.  {{R(W)}waw,  0) 
satisfies  the  strong  CGMA  if  the  following  conditions  are  satisfied. 

(i)  W TZ(W)  is  a bijection. 

(ii)  fl  is  cyclic  and  separating  for  W € W. 

(iii)  For  W\,  W2,  W € W with  W\  fl  W 2 ^ 0,  there  holds 

K(WX)  n n{W2)  c K(W)  & WiC\W2C  w. 

(iv)  The  adjoint  action  of  Jw,  W G W,  leaves  the  set  {ft(VF)}wew  invariant. 

We  will  show  that  the  modular  conjugations  act  as  Lorentz  transformations 
on  the  net  {H(W)}wew  if  the  strong  CGMA  is  satisfied.  Furthermore,  the  modular 
conjugations  of  the  wedge  algebras  induce  a strongly  continuous  representation  of  the 
proper  de  Sitter  group  if  the  modular  conjugations  act  transitively  on  the  net.  In 
order  to  prove  the  latter  statement  we  have  to  assume,  in  addition,  that  H is  cyclic 

for  n{wx)  n n{w2)  if  wu  w2  ew,wlr)\v2^  0. 

In  [9]  vacuum  states  of  quantum  field  theories  on  de  Sitter  space  were  studied. 
Under  the  assumption  of  a state  satisfying  the  KMS  condition  for  wedge  algebras, 
it  was  shown  that  the  wedge  algebras  possess  the  Reeh-Schlieder  property,  i.e.,  the 
modular  objects  of  these  algebras  associated  to  the  vacuum  are  defined.  With  this  it 
can  be  concluded  that  the  modular  objects  act  geometrically,  resp.  that  the  CGMA 


is  satisfied. 
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4.1  Biiections  of  Wedges 

The  modular  conjugations  act  on  W as  bijections  r : W W which  satisfy, 
for  Wi,  W2,  W G W with  W\  D W2  ^ 0 and  tW\  fl  tW2  ^ 0, 

W\  fl  W2  C W tW\C\tW2  C rlT.  (4-1.1) 

In  the  following  we  will  consider  a bijection  r : W W fulfilling  (4.1.1). 

We  will  call  two  (unordered)  pairs  of  wedges  (Wi,  W2),  (W3,  W4)  dual  iff  0 ^ 
Wi  fl  W2  = W3  D W4.  A pair  (W\,W2)  is  called  self-dual  if  there  is  no  other  pair 
which  is  dual  to  (WUW2).  For  Wx  = W[lul2]  and  W2  = W[kx,k2]  (lul2,k2,k2 
suitable  future-directed  lightlike  vectors),  this  is  equivalent  to  l\  = ki  or  l2  = k2  (up 
to  multiples)  [21]. 

We  will  establish  (4.1.1)  for  arbitrary  W,Wi,W2  6 W (Lemma  4.1.9).  Note 
that  r maps  a self-dual  pair  of  wedges  (W\,W2)  onto  a self-dual  pair  (tWi,tW2)  if 
tWi  fl  tW2  / 0.  This  fact  will  play  an  important  role  in  the  following. 

Again  we  can  characterize  pairs  of  wedges  with  trivial  intersection. 

Lemma  4.1.1:  The  wedges  WR  and  Wx  = W[l2+,  (1,  a,  6,  c,  d)T]  (a,b,c,d  e R, 
a2  + b2  + c2  + ct2  = \)  possess  trivial  intersection  if  and  only  if0<a<l,0<b<l, 
and  c = 0 = d.  The  statement  is  still  true  if  we  replace  Wi  by  W[  and  the  condition 
0 < a < l by  — 1 < a < 0 or  also  if  we  replace  l2+  by  /2_  and  0 < b < 1 by  — 1 < b < 0. 

Proof:  see  the  proof  of  Lemma  3.1.6 

Lemma  4.1.2:  If  {W{\i  € /}  is  an  uncountable  set  of  wedges,  then  there  is  an 
infinite  subset  I0  C / such  that  n,6/0W,  ^ 0. 
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Proof:  Let  B be  a countable  basis  of  the  topology  of  dS4.  For  any  W,:  we  can  choose 
an  arbitrary  but  fixed  0 ^ B{  £ B such  that  5,  C W,,  i.e.,  there  is  a map  : 1 B 
such  that  <p(i)  — 5,  C VF,.  / is  uncountable  but  B is  countable  implying  that  there 
exists  a B £ B which  is  the  image  of  infinitely  many  i £ /.  Set  70  = <£>-1({5}). 

Lemma  4.1.3:  To  any  future-directed  lightlike  vector  l there  are  future- directed  light- 
like li,l2,l3,U  such  that  any  four  of  the  vectors  l,li,l-2,l3,l4  are  linearly  independent 
and 

n UxTW[i,ik\m. 


Proof:  Set  lt  = (\/l  d - 12  + t4  + f6, 1,  t , t2,  t3)T  for  t £ R.  We  can  assume  l = l0. 


hi , h2ih3Jt4  are  linearly  independent  for  pairwise  different  t\,t2,  t3,  £ R,  since  this 

implies 


1 

ti 
1 2 

t3 


1 

u 
1 2 
l2 

t 3 
l2 


1 

^3 
1 2 
l3 

t3 

l3 


1 

U 

*4 

tl 


1 0. 


Apply  Lemma  4.1.2  to  {W[lo,  lt]  |f  £ R\{0}}  (in  three-dimensional  de  Sitter  space 
the  argument  can  still  be  used  for  lt  = (2 14  + l,2f2  — l,2t,2t4)T). 


Lemma  4.1.4: 

Wr  D W[li+,  (l,aI,61,0,0)T]  C W[l\+,  (1, 02,  b2, 0, 0)T]  (4.1.2) 

for  a\  + b\  = 1 = a\  + b\,  b\b2  > 0,  a\  ^ 1 ^ a2,  and  a2  < a\.  Furthermore, 
W[l,l\]  D W[l,l2]  C W[l,l3],  for  future- directed  lightlike  l,li,l2,l3,  is  only  possible  if 
the  wedges  are,  up  to  a Lorentz  transformation,  of  this  form.  In  particular,  l,li,l2,l3 
must  be  linearly  dependent. 
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Proof:  The  first  claim  was  already  proven  in  3. 5. 2. 5.  Choose  an  arbitrary  g £ dS4 
orthogonal  to  Z,Zj,Z2.  It  follows 

±g  e w[iji]  n w[i,i2]  c 

be.,  tg  = A+ 1 — /r+/3  + A:+  for  \+,g  + > 0 and  k+  € R5  satisfying  ( k+,l ) = 0 = 
(&+ , Z 3).  This  shows 

0 — 9 ~ 9 — A+Z  — 9+I3  + k+  + A _/  — /i_ Z3  + /c_ 

implying  A+  =9+  =0,  resp.  g £ {/, Zj, Z2, Z3}1,  i.e.,  Z3  is  a linear  combination 
of  Z, Z i,Z2.  It  remains  to  show  which  ai,a2,&i,62  satisfy  (4.1.2)  (we  can  choose  the 
coordinate  system  suitably).  Since  D W[Zi+,  (1,  a,  b,  0, 0)T],  b > 0,  is  strictly 
decreasing  in  a (the  proof  of  Lemma  3. 5. 2. 5 implies  that  this  intersection  would 
otherwise  be  independent  of  a),  it  suffices  to  prove 

R^n^[Z1+,(l,a',6/,0,0)T]  t W[Z1+,(l,a,M,0)T], 

for  a2  -f  b2  = 1 = a'2  + b'2,  b'b  < 0,  resp. 

WRC\W[l1+,l2t]  <f_  W[Zi+,(l,a,6, 0,0)T], 

for  ±6  < 0 (transform  the  coordinate  system  with  a boost  in  the  direction  of  the 
;ri-axis).  It  follows  easily 

(0, 0,  ; 1, 0, 0)T  = Z1+  - (1, 1,  + 1, 0)T  € WRf)W[l1+,l2±}. 

However, 

(0, 0,  + 1,0,0)T  = + -U+  ; T-^(6,  b,  1 - a,  0, 0)T  $ W[ll+,  (1,  a,  b,  0, 0)T] 

1 u 1 (Z 
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Lemma  4.1.5:  To  any  future-directed  lightlike  l there  are  future-directed  lightlike 
hihihi  h,hx,h2,h3  such  that  l,lx,l2,l3  as  well  as  h,  hi,  h2,  h3  are  linearly  indepen- 
dent and  tW[1,  lk ] = W[hk,  h]  for  k = 1, 2, 3 or  rW[l,  lk\  = W[h,  hk]  for  k = 1,2, 3. 

Proof:  According  to  Lemma  4.1.3,  there  are  lightlike  l'v  l2, 1'3, l4  in  the  forward  light- 
cone  such  that  any  four  of  the  vectors  /,  l[,  l2,  l3,  l\  are  linearly  independent  and 

Hence,  the  pairs  (tW[/,/-],tW[/,/']),  i,  j = 1, . . . ,4,  i ^ j,  are  self-dual  and  we  can 
easily  conclude  either  rW[lJ'k]  = W[h'k,h\  for  k = 1,2, 3, 4 or  TW[l,l'k]  = W[h,h'k] 
for  k = 1,2, 3, 4,  where  h,  h[,  h2,  h'3,  h4  are  suitable  future-directed  lightlike  vectors. 
We  only  consider  the  latter  case,  since  the  other  case  is  similar.  It  is  sufficient 
to  show  that  span{/i,  h\,  h2,  h'3,  h'4}  is  at  least  four-dimensional  (then  we  can  pick 
suitable  {/1 , ^2,  ^3}  C {l[,  l2,  Z^}).  Therefore,  we  derive  a contradiction  from  the 

assumption  that  h,  h[,  h2,  h'3,  h4  span  a three-dimensional  subspace,  resp.  that,  for  a 
suitable  choice  of  the  coordinate  system,  W[h,h[]  = Wr  and  h2,h'3,h4  have  trivial 
x3-  and  ^-components.  Now  it  follows  easily  from  (4.1.2)  that  there  are  Wx,  W2  G 
{W[h,  h2],  W[h,  /13],  W[h,  h4]}  such  that  Wx  ^ W2  and 

w[h,h'x]nwx  = wRnwx  c w2, 

since  there  are  two  vectors  among  h'2,h'3,h4  both  of  which  have  either  positive  or 
negative  ^-components.  However,  according  to  (4.1.1),  this  would  imply  a corre- 
sponding relation  for  the  wedges  W[lJ'k\,  k = 1,2, 3, 4,  in  contradiction  to  the  last 
statement  in  Lemma  4.1.4  and  the  fact  that  any  four  of  the  vectors  l,l[,l2,l3,l4  are 
linearly  independent. 
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Lemma  4.1.6:  For  a given  future- directed  lighlike  vectorl,  choose  l\,  ^3,  h,  hi,h2,h3 

as  in  Lemma  4-1-5.  Then,  for  any  lightlike  future- directed  k,  there  are  lightlike  future- 
directed  l',  k'  such  that 

rW[l,k]  = W[T,k'), 

where  a multiple  of  l1  or  of  k'  is  equal  to  h. 

Proof:  Assume  that  neither  l'  nor  k'  is  a multiple  of  h.  Then,  l',  k' , h are  linearly 
independent,  i.e.,  even  /',  k' , h,  hj  are  linearly  independent,  for  a suitable  j,  implying 
W[l',k'\  fl  W[h,hj\  ^ 0 and  W[l',k']  fl  W[hj,h\  ^ 0 (Lemma  4.1.1).  Hence,  the  pair 
(tW[1,  k],  rW[l,lj]),  which  is  equal  to  (W[l\  k'],  W[hjt  h})  or  (W[V,  k'],  W[h,  hj]),  is 
self-dual.  However,  the  fact  that  l',k',h,hj  are  linearly  independent  contradicts  the 
self-duality  (Lemma  4.1.4). 

Lemma  4.1.7:  Ifk,  r,  / are  future- directed  lightlike  vectors  which  are  pairwise  linearly 
independent,  then 

rW[k,r]r\  rW[k,l\  ^ 0.  (4.1.3) 

Therefore,  self-dual  pairs  of  wedges  are  mapped  under  r onto  self-dual  pairs. 

Proof:  Lemma  4.1.6  shows  that  to  any  future-directed  lightlike  / there  are  future- 
directed  lightlike  vectors  r1/,r2/,  uniquely  determined  up  to  multiples,  such  that 

{tW[1,  A:]  | k future-directed  lightlike} 

C {W[t\1,  A:],  W[k,  Til ] | k future-directed  lightlike} 

and 


{rW[k,  /]  | k future-directed  lightlike} 
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C {W[t21,  fc],  W[k,  t21]  | k future-directed  lightlike}. 

The  surjectivity  of  r implies  that  any  lightlike  vector  is,  up  to  a multiple,  an  image 
under  Ti,  resp.  under  r2. 

There  are  pairwise  linearly  independent  /W,  t > 0,  such  that 

0 ± W[k,r]OW[kJ^]  C W[k,r]DW[k,l]  (4.1.4) 

(Lemma  4.1.4). 

Now  we  want  to  derive  (4.1.3).  Let  k',r'  be  future-directed  lightlike  vectors 
such  that  rW[k,  r]  = W[k',  r'].  Choose  a future-directed  lightlike  s such  that  Tis  is 
neither  a multiple  of  k'  nor  of  r'.  Since  {rW[s,/M]  1 1 > 0}  is  not  a finite  set,  i.e., 
since 

{r^[S,/W]|<>0}  £ {WinS'klWik^nslW^r'lWlr',^]}, 

we  can  conclude  that  there  is  a t0  > 0 such  that  r2/(<o)  is  neither  a multiple  of  k'  nor 
of  r'.  According  to  (4.1.1)  and  (4.1.4),  it  suffices  to  show 

TW[k,r]nrW[k,l^]  £ 0, 

for  a f > 0,  i.e.,  in  order  to  prove  (4.1.3),  we  can  assume  / = l^to\  resp.  that  r2/  is 
neither  a multiple  of  k'  nor  of  r' . 

Lemma  4.1.5  still  holds  if  we  replace  W[l,lk]  by  W[lk,l],  for  k = 1,2,3.  Fur- 
thermore, we  can  choose  /i,/2,/3  such  that  /i,/2,/3  £ span{&,r, /}  (according  to  its 
proof,  Lemma  4.1.3  holds  for  suitable  /i,/2,/3,/4  £ span{Ar,  r, /}).  Note  r2/  = h 
(Lemma  4.1.5).  We  can  conclude 

0 ± W[k,r]nW[li,l]  C W[k,r]C)W[k,l\, 

for  i = 1, 2, 3,  since  fc,r, /,/,•  are  linearly  independent  (Lemma  4.1.1). 
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There  is  a suitable  *o  such  that  k',r',T2l  = h,hi0  are  linearly  independent, 
since  we  assumed  that  r2l  = h is  neither  a multiple  of  k ' nor  of  r'  (implying  that 
span{/i,  k\  r'}  is  three-dimensional)  and  since  h,hi,h2,h3,  which  are  chosen  as  in 
Lemma  4.1.5,  are  linearly  independent,  i.e., 

0 ^ W[k',  r']  D W[hi0,h\  and  0 ^ W[k',  r']  fl  W[h,  hj0] 

(Lemma  4.1.1),  resp. 

0 ± rW[k,  r]  fl  rW[li0,  /] 

(Lemma  4.1.5).  (4.1.1)  implies 

0 ^ r\V[k,  r]  fl  tW[1{0,  l]  C rW[k,  r]  D rW[k,  /]. 

The  final  statement  of  the  lemma  is  a consequence  of  (4.1.1). 

Lemma  4.1.8:  r maps  sets  of  the  form  {VK[/,  fc]|/  future-directed  lightlike}  and 
{W[k,l]  | / future-directed  lightlike}  onto  sets  of  the  same  form.  Furthermore, 

t(W')  = ( tW )',  for  WeW, 

and  either 

{rW[k,l]\l}  = {W[k\l]\l}  and  {rW[l,k]\l}  = {W[/,fc']|/}, 
for  all  future- directed  lightlike  k and  suitable  k' , or 

{rW[k,l}\l}  = {WiWll}  and  {rW[l,k]\l}  = {W[k',l]\l}, 
for  all  future- directed  lightlike  k and  suitable  k' . 

Proof:  If  we  consider  r and  r-1,  then  the  first  claim  follows  from  Lemma  4.1.7. 
T\  = {W[l,k]\l}  and  T2  = {W[k,l]\l}  have  trivial  intersection  and  no  pair  (VLT , W2), 
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W\  € !F\,  W2  G T2,  is  self-dual.  T2  is  the  only  family  of  the  form  {W[l,h\  |/}  or 
{W[h,l]\l}  such  that  this  property  is  satisfied.  This  relation  must  also  hold  for 
= { tW[1 , A:]  | /}  and  r T2  = {rW[k,  l ] | /},  i.e.,  to  every  future-directed  lightlike  k 
there  is  a future-directed  lightlike  k'  such  that  either 

rTx  = {VK[/,  k']  | /}  and  tT2  = {W[k',l]\l} 

or 

tTx  = {W[k',l]\l}  and  tT2  = {W[l,k'}  |/}. 

Let  h be  a future-directed  lightlike  vector  such  that  h,  k are  linearly  independent. 
T\  = {W[l,  k]  | /}  and  {W[h,l]  |/}  have  exactly  one  element  in  common  (VT[/i,A:]). 
Similar  relations  must  hold  for  the  images  of  these  families  of  wedges  under  r,  i.e., 
either 


{rW[l,h]\l}  = {W[l,h'\\l}  and 
for  a suitable  future-directed  lightlike  h',  if 
{rW[l,k]\l}  = {W[/,fc']|/}  and 
or 

{rW[l,h]\l}  = {W[h',l]\l}  and 
for  a suitable  future-directed  lightlike  h',  if 

{rW[l,k\\l}  = {W[k',l]\l}  and 


{rW[h,l]  |/}  = {W[h',l}  |/}, 

{rW[k,l\\l}  = 

{TW\h,l\\l}  = {w{i,h']\i}, 

{rW[k,l\\l}  = {W[l,k’]\l}. 


Lemma  4.1.9: 


r^nrlLj  = 0 Winw2  = 0, 
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for  Wu  W2  € W. 


Proof:  It  is  sufficient  to  show  that  Wx  (1  W2  = 0 implies  tWx  D tW2  = 0 (consider 
r and  r_1).  There  are  future-directed  lightlike  kuk2,li,l2  such  that  Wx  = W[kuk2] 
and  W2  = W[l\,l2].  Lemma  4.1.8  entails  the  claim  if  k\,  resp.  k2 , is  a multiple  of  /2, 
resp.  of  1 1.  Hence,  we  can  assume  that  li,l2,ki,k2  are  pairwise  linearly  independent. 
First  we  show,  for  pairwise  linearly  independent  k\,k2,li,l2, 

w[kuk2]nw[h,i2]  = 0 ^ w[iuk2]nw[iui2\  c wiluk,}.  (4.1.5) 

Since  we  can  restrict  ourselves  to  the  case  of  linearly  dependent  ki,k2JiJ2 
(Lemma  4.1.1  and  Lemma  4.1.4),  we  can  assume  that  lx  = li+,k2  = l\-,ki  — l2+  and 
l2  = (1,  a , 6, 0, 0)T  for  a2  -f  62  = 1. 

w[kuk2]nw[iui2]  = w\iuk2]nw{kui2] 

= Wr  fl  W[l2+,  (1,  a,  6, 0, 0)T] 

= 0 

is  equivalent  to  a > 0,  b > 0 (recall  that  the  vectors  are  pairwise  linearly  independent 
and  use  Lemma  4.1.1),  which  is  equivalent  to 

W[luh2]nw[lul2]  = Wr  n W[lx+,  (1,  a,  6, 0, 0)T]  C W[h+,l2+]  = W[hM] 
(Lemma  4.1.4). 

Let  /j,  /j,  k[,  k'2  be  the  lightlike  vectors  associated  to  h,l2,ki,k2  by  Lemma 
4.1.8.  By  assuming  Wi  D W2  = 0 and  by  applying  r to  the  preceding  inclusion  we 
can  conclude 

w[ivK)^w[i[,i'2]  c w[i[,k[} 

or 


wK?i]nw[Wi]  c w[k[j[]. 
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In  the  first  case,  (4.1.5)  implies 

tWi  n tW2  = wik^k'jnwuiQ  = 0. 

The  other  case  can  be  treated  similarly. 

Lemma  4.1.10:  r induces  a bijection  of  the  characteristic  planes,  which  we  will 
call  t too,  such  that,  for  linearly  independent  lightlike  /j,/2  in  the  forward  lightcone, 
T Hq[1\]  and  t Ho[lf\  are  the  characteristic  planes  determining  tVT[/i,/2]. 

Proof:  Let  / be  an  arbitrary  lightlike  vector  in  the  forward  lightcone.  Then 
{rW[l,k]\k}  = {W[T,k]\k}  or  {rW[l,k}\k}  = {W[k,l']\k}, 
for  a suitable  l'.  Set  rH0[l]  = H0[l'].  Lemma  4.1.8  entails  the  claim. 

We  can  prove  a lemma  corresponding  to  Lemma  3.1.9  (consider  pairs  of  wedges 
with  trivial  intersection  instead  of  maximal  pairs). 

Lemma  4.1.11:  Let  li,  h,  I3,  U be  lightlike  vectors  which  are  linearly  dependent  but 
pairwise  linearly  independent.  Then 

nUiTH0[ii\  = k = 1,2, 3, 4. 


Corollary  4.1.12:  Let  be  nontrivial  lightlike  vectors  with  four-dimen- 

sional 


span{/i,...,/5}  = span{/i,...,/4}. 
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Then 

n?=iTtf0[/,]  = nf=1r^o[/,]. 

Proof:  We  can  assume  / 5 ^ span{/i, . . . , I3}.  1$  is  a multiple  of  /4  or  it  is  a linear 
combination  of  /4  and  two  lightlike  vectors  k\,  k?  in  span{/i, . . . , /3}. 

nUrHoili]  = (nf=1r//0[/,])  n rH0[kj],  j = 1,2, 

entails 

n*=lTHo[li]  = (nf=1r//oW)n(r//o[A:i]nr/foNnr//0[/4]nr//o[/5]) 

= (n?=1r//o[/,])  n (r//0[*i]  n rH0[k2]  n tH0[U]) 

= n?=1r//o[/,]). 


Corollary  4.1.13:  Let  x € R 5 be  spacelike.  Then 

n*e//0[f]T  #<>[/] 

is  one-dimensional,  i.e.,  r induces  a bijection  of  the  one-dimensional  subspaces  of  R5 
which  consist  of  spacelike  vectors.  We  will  call  this  map  r too. 

Proof:  Let  li,h,l3,U  be  linearly  independent  lightlike  vectors  such  that  x £ H0[li], 
for  i = 1,2, 3, 4.  Then 

nxeHo[t)T  Ho[l]  = nUrHoU 

according  to  Corollary  4.1.12  (if  x is  contained  in  five  characteristic  planes,  then  the 
five  corresponding  lightlike  vectors,  which  are  determined  up  to  multiples,  are  linearly 
dependent). 
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Lemma  4.1.14:  Let  x £ R5  be  spacelike  and  ak,bk,Ck,dk  £ R (k  = 1,2,  + bl  + 

c\+  dPk  — \).  Set 

Wi  = W[(l,aubucl,di)T,(l,a2,b2,C2,d2)rT]. 

Ra:  fl  W\  ^ 0 is  equivalent  to  W\  D W2  / 0 for  all  W2  £ W whose  edge  contains  x. 
For  x = (0, 0, 0, 0, 1 )T  this  is  also  equivalent  to  did 2 < 0.  (0,0,0, 0, 1)T  £ W\  implies 
di>0  and  — (0, 0, 0, 0, 1)T  £ W\  implies  d\  < 0 (if  did?  <0). 

Proof:  We  can  assume  x = (0, 0, 0, 0, 1)T.  Ra;  D W\  ± 0 implies  Wx  D W2  ^ 0 for  all 
W2  £ W whose  edge  contains  x ( W\  is  open). 

First  we  show  that  W\  fl  W2  7^  0 for  all  W2  £ W whose  edge  contains  x implies 
dxd2  <0.  di  = d2  = 0 is  impossible  for  this  would  contradict  W\  fl  W[  = 0.  Consider 
W[  instead  of  W\  if  d\  = 0.  Therefore,  we  can  assume  d\  ^ 0.  By  applying  suitable 
Lorentz  transformations,  which  leave  (0, 0,0,0, 1)T  invariant,  we  can  further  assume 
ax  — bi  = Ci  — 0 and,  by  applying  a suitable  rotation,  b2  = c2  = 0.  If  dx  = 1, 
d2  > 0,  and  a2  > 0,  we  know  Wx  fl  Wr  = 0 and  if  di  = 1,  d2  > 0,  and  a2  < 0,  then 
Wi  D W'R  = 0 (Lemma  4.1.1).  We  can  also  find  wedges  which  contain  (0,0, 0,0, 1)T 
in  their  edge  and  possess  trivial  intersection  with  Wi  if  di  = — 1 and  d2  < 0 (Lemma 
4.1.1).  Altogether  we  have  shown  that  fl  W2  ^ 0 for  all  W2  £ W whose  edge 
contains  x implies  dxd2  < 0. 

Suppose  now  did2  < 0.  Again  we  can  assume  ax  = 61  = cx  = b2  = c2  = 0.  The 
claim  follows  for  di  = 1,  d2  < 0 (a  similar  formula  is  also  valid  for  di  = —1)  with 

(0,0,0, 0,(1  -d2)2)T 

= -d2(  1 - d2)(l,  0, 0, 0, 1)T  - (1  - d2)(l,  a2, 0, 0,  d2)r 
+a2(a2, 1 — d2, 0, 0,  a2)T 


122 


€ (l-drfWt. 


Lemma  4.1.15:  Let  x € R 5 be  spacelike.  If  x € W\  ft  W?  for  Wi,  W2  € W,  then 

0 / rRx  n tW\  = rRx  n tW2, 

i.e.  we  can  implement  t by  a bijection  of  de  Sitter  space. 

Proof:  r maps  the  set  of  wedges  whose  edges  contain  Rx  onto  the  set  of  wedges 
whose  edges  contain  rRx.  rRx  fl  tW\  / 0 and  rRx  D / 0 are  a consequence  of 
Lemma  4.1.14.  There  are  lightlike  vectors  /i,  I2, 13,  L such  that  tW\  — W[l\,l-^  and 
tW2  — W[l3,  l4].  Lemma  4.1.8  and  Lemma  4.1.14  imply  Rx  D r-1iy[/i,/4]  / 0 and 
therefore  rRx  D W[li,  I4]  ^ 0.  Lemma  4.1.14  entails  now 

rRx  fl  W[li,  I2]  = rRx  D W[h,  U]  = rRx  fl  W[h,  I4]. 


Now  it  follows  easily  that  r can  be  implemented  by  a Lorentz  transformation 
(see  [21]  or  the  proof  of  [18,  Theorem  6.1.10]). 

4.2  Construction  of  the  de  Sitter  Group 

Under  the  assumption  of  the  strong  CGMA  and  that  the  modular  conjuga- 
tions act  transitively  on  the  net  we  will  derive  the  existence  of  a strongly  continuous 
representation  of  the  proper  de  Sitter  group. 

In  the  following  we  will  repeatedly  use  Lemma  3.2.2. 1.  Let  g G V be  an 
involution  with  n-dimensional  eigenspace  corresponding  to  the  eigenvalue  —1.  We 
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will  say  that  g is  of  type  n if  g does  not  have  a timelike  eigenvector  corresponding 
to  the  eigenvalue  —1.  Otherwise,  g is  of  type  —n.  First  we  want  to  show  that  the 
involutions  gw,  W € VV,  are  of  type  —2  and  5+  C Q ■ The  latter  relation  implies 

gWR  = diag(— 1,  —1, 1,1,1)  (4.2.1) 

(see  the  proof  of  [18,  Proposition  4.2.10]).  We  can  find  the  action  gw,  W € W,  of  the 
other  modular  conjugations  by  adjoining  gwR  by  an  element  of  the  de  Sitter  group 
which  maps  Wr  onto  W. 

Note  that  the  involutions  gw,  W (E  W,  are  all  of  the  same  type  (transitivity) 
and  that  even  products  of  modular  conjugations  act  as  elements  of  «S|  (see  the  proof 
of  Theorem  3.3.1). 

Lemma  4.2.1:  Assume  that  the  net  {7£(VF)}wew  satisfies  the  strong  CGMA  and 
that  the  modular  conjugations  Jw,  W € VV,  act  transitively  on  the  net.  If  the  invo- 
lution idiag(l,  — 1,  — 1,  — 1,  — 1)  is  an  element  of  Q , then  Q D <S+. 

Proof:  Every  element  of  is  of  the  form  BR,  where  R is  a product  of  rotations  and 
where  B is  a boost  [24].  Note 

(ldiag(l,  —1,  —1,  —1,  — l))(5/?)(idiag(l,  —1,  —1,  —1,  — 1))(5Z2)-1  = B~\ 

If  Q contains  a boost,  then  we  can  prove  the  claim  as  Theorem  3.3.1.  Hence,  we  can 
assume  that  Q fl  <5^  only  contains  transformations  which  are  products  of  rotations, 
i.e.,  Q consists  of  elements  of  the  form  R and  RgwR,  where  R is  a product  of  rota- 
tions. However,  this  contradicts  the  transitivity,  since  the  rotation  group  possesses 
infinitely  many  orbits  if  we  consider  its  action  on  W. 
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Lemma  4.2.2:  Assume  that  the  net  {TZ{W)}wew  satisfies  the  strong  CGMA  and 
that  the  modular  conjugations  Jw,  W € VV,  act  transitively  on  the  net.  Let  the  wedge 
algebras  7 Z(W),  W € W,  be  nonabelian.  The  involutions  gw,  W € VV,  cannot  be  of 
type  1,  2 or  3. 

Proof:  We  show  in  each  case  Q D <S+.  Then  it  easily  follows  (4.2.1),  resp.  that  the 
involutions  gw,  W € W,  are  of  type  —2,  in  contradiction  to  the  assumption  (see  the 
proof  of  [18,  Proposition  4.2.10]). 

Let  the  involutions  gw,  W € W,  be  of  type  1.  By  choosing  the  coordinate 
system  suitably  we  can  assume 

gw  = diag(l,  1,1, 1,-1), 

for  a W € W.  gw  commutes  with  gwR  implying  that  gwgwR  is  an  involution  of 
type  2 (gwRgwWri  = gwRWji  / Wr  is  a consequence  of  the  nonabelianness  of  the 
wedge  algebras).  By  choosing  the  coordinate  system  suitably  we  can  assume  g = 
diag(l,  1,1,  —1,  —1)  € Q.  For  this  new  choice  of  coordinate  system,  we  can  conclude 
that  g gwR  € Q is  an  involution  of  type  3,  since  ggwR  cannot  be  of  type  1 (gwRgWR  — 
gwRWR  / Wr).  Now  the  claim  follows  easily  in  this  case  (g  gwR  lies  in  the  center 
of  the  invariance  group  of  a suitable  wedge;  see  the  proof  of  Theorem  3.3.1).  This 
remark  also  excludes  the  occurence  of  type  3 involutions  gw- 

It  remains  to  consider  the  case  of  type  2 involutions  gw-  We  can  assume 
diag(l,  1, 1,  —1,  —1)  € Q-  It  commutes  with  gwR-  If  <7w*diag(l,  1, 1,  —1,  —1)  is  of  type 
4,  then  Lemma  4.2.1  entails  the  claim.  Hence,  we  can  assume  that  the  involution 
gwR diag(l,  1, 1,  —1,  —1)  is  of  type  2 ( gwR  = diag(l,  1, 1,  -1,-1)  would  contradict  the 
nonabelianness  of  the  wedge  algebras).  By  choosing  the  coordinate  system  suitably, 
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we  can  assume 


diag(l,  1,1, -1,-1),  diag(l,  1,-1, -1,1),  diag(l,  1,-1, 1,-1)  € Q 

{gwR,  diag(l,  1, 1,  — 1,  — 1),  and  <ftyHdiag(l,  1, 1,  — 1,  — 1)  are  of  type  2 and  commute 

21 

pairwise).  For  this  new  choice  of  coordinate  system,  we  can  conclude  that  gwR 
commutes  with  these  involutions.  The  nonabelianness  of  the  wedge  algebras  implies 
that  the  involutions 


</vvRdiag(l,  1, 1,  -1,  -1),  ^diag(l,  1,  -1,  -1, 1),  0wHdiag(l,  1,  -1, 1,  -1) 

are  nontrivial,  i.e.,  one  of  them  must  be  of  type  4.  The  claim  follows  from  Lemma 
4.2.1. 

Lemma  4.2.3:  Assume  that  the  net  {7£(VF)}weW  satisfies  the  strong  CGMA  and 
that  the  modular  conjugations  Jw,  VF  € W,  act  transitively  on  the  net.  Let  the  wedge 
algebras  'R,{W),  W 6 W,  be  nonabelian.  The  involutions  gw,  W € W,  cannot  be  of 
type  —1,  —3  or  —5. 

Proof:  The  transitivity  excludes  the  last  case.  If  the  involutions  gw,  VF  € W,  would 
be  of  type  —1,  then  we  could  assume  diag(  — 1, 1, 1, 1, 1)  € Q and  Lemma  4.2.1  would 
entail  the  claim. 

It  remains  to  consider  the  case  of  type  —3  involutions.  To  any  W € W,  there 
is  a FFi  € W such  that  gwWi  = W\.  Hence  gw  gw,  is  an  involution  of  type  2 or  of 
type  4 ( gw,gwW\  ^ Wx  implies  gw  gw , ^1)-  It  suffices  to  consider  the  first  case 
(Lemma  4.2.1),  i.e.,  we  can  assume  diag(l,  1, 1,  —1,  —1)  € Q. 

In  order  to  show  that  wedge  duality  is  satisfied  we  merely  have  to  consider 
the  case  of  a type  —3  involution  gwRdiag(l,  1, 1,  — 1,  — 1)  (this  involution  is  of  type 


126 


— 1,  —3  or  —5;  the  last  case  would  imply  wedge  duality  and  the  first  one  is  excluded 
by  Lemma  4.2.1).  There  is  a W £ W such  that 

9wrW  = diag(l,  1, 1,  —1,  —\)W  = W 

(the  restriction  of  gwR  to  the  first  three  components  xo,  Xi,  and  x<i  is  of  type  —2,  i.e.,  it 
has  a spacelike  eigenvector  corresponding  to  the  eigenvalue  1).  Hence,  gw  commutes 
with  gwR  and  with  diag(l,  1, 1,  —1,  —1).  The  nonabelianness  of  the  wedge  algebras  im- 
plies either  that  Q contains  a type  4 involution  (gwdwR  or  <7wS,wiidiag(l,  1, 1,  —1,  — 1)) 
or  that  gwgwR  and  diag(l,  1, 1,  — 1,  — 1)  generate  a group  isomorphic  to  the  Klein 
group  such  that  its  nontrivial  elements  are  of  type  2 (note  that  gw9wR  7^  1 and 
gwgwR  / diag(l,  1, 1,  — 1,  — 1)  follow  from  diag(l,  1, 1,  — 1,  — l)W  = W and  W ^ 
gwW  — gwgwRW).  In  the  latter  case  we  can  find  a W\  G W such  that  this 
group  leaves  W\  invariant.  The  elements  of  this  group  commute  with  gwt  imply- 
ing gwi  = diag(A,  + 1,  ±1,  ±1)  for  a suitable  2 x 2-matrix  A and  a coordinate  system 
which  is  chosen  such  that  the  elements  of  the  Klein  group  are  diagonal  and  leave 
Wr  = W\  invariant.  We  can  conclude  gwx  W\  <E  {Wi , W[},  resp.  gwxW\  — W[,  i.e., 
we  can  assume  in  any  case  that  wedge  duality  is  fulfilled. 

We  have  to  find  a contradiction  to  the  following  assumptions:  The  mod- 
ular conjugations  act  as  involutions  of  type  —3,  wedge  duality  is  satisfied,  and 
diag(l,  1, 1,  — 1,  — 1)  6 Q.  Wedge  duality  implies  that  this  transformation  com- 
mutes with  gw( 0).  According  to  Lemma  4.2.1  we  can  restrict  ourselves  to  the  case 
of  a type  —3  involution  gfw,(o>diag(l,  1, 1,  — 1,  — 1)  (the  nonabelianness  of  the  wedge 
algebras  implies  that  this  involution  cannot  be  of  type  —5),  i.e.,  we  can  assume 
<7^(0)  = diag(  — 1,  —1, 1, 1,  —1)  (suitably  rotate  the  coordinate  system  about  the  x3x4- 
plane). 
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As  in  the  proof  of  wedge  duality  we  can  show  either  that  Q contains  a type  4 
involution  or  that  gw(o)gwm  and  diag(l,  1, 1,  —1,  —1)  generate  a subgroup  of  Q which 
is  isomorphic  to  the  Klein  group  and  whose  nontrivial  elements  are  of  type  2.  Thus,  for 
a suitable  choice  of  the  coordinate  system,  we  can  assume  that  these  transformations 
are  of  the  form  diag(l,  1,  +1,  +1,  +1)  and,  in  addition,  gwR  = diag(— 1,  —1,  —1, 1, 1). 
gw( o)  commutes  with  the  involutions  gwR,  diag(l,  1, 1,  —1,  —1),  diag(l,  1,  — 1, 1,  — 1), 
and  diag(l,  1,  —1,  —1, 1)  which  lie  in  Q,  i.e.,  gw(o)  = diag(A,  ±1,  ±1,  11),  where  A is 
a suitable  2 x 2-matrix.  Wedge  duality  implies  gw(o)  = diag(— 1,  1 1,  ±1,  1 1,  —1).  We 
can  assume 


gw(  0)  = diag(-l, -1,1, 1,-1),  (4.2.2) 

since  in  the  other  cases  we  can  show  diag(— 1, 1, 1, 1, 1)  £ Q (note  that  gw(o)  is 
of  type  —3  and  consider  the  product  of  gw(o)  and  of  a suitable  type  2 involution 
diag(l,  1,  +1,  +1,  +1)  € Q).  Furthermore,  there  is  a group  isomorphic  to  the  Klein 
group  which  leaves  invariant,  i.e.,  whose  elements  commute  with  gw(o).  This 
group  contains  an  element  of  the  form 

f?diag(l,  —1,  —1, 1, l)R-1  £ g , 

where  R is  a rotation  about  the  Zia^-plane  (recall  (4.2.2)).  Wedge  duality  implies 
that  this  transformation  commutes  with  gwR  = diag(— 1,  —1,  —1, 1, 1).  Hence,  R is  a 
rotation  by  a multiple  of  7r/2.  We  can  conclude 

diag(l,  — 1,-1, 1,1)  £ g or  diag(l, -1, 1, -1, 1)  € <?, 


resp. 


diag(l, -1,-1, -1,-1)  = diag(l,  —1,  —1, 1, 1)  diag(l,  1, 1,  —1,  —1)  £ 
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or 


diag(l, -1,-1, -1,-1)  = diag(l,  —1, 1,  —1, 1)  diag(l,  1,  —1, 1,  —1)  £ Q- 
The  claim  follows  from  Lemma  4.2.1. 

Proposition  4.2.4:  Assume  that  the  net  {'R,(W)}wew  satisfies  the  strong  CGMA 
and  that  the  modular  conjugations  Jw , W £ W,  act  transitively  on  the  net.  Let  the 
wedge  algebras  7 Z(W),  W £ W,  be  nonabelian.  The  involutions  gw,  W € VV,  are  of 
type  —2  and  Q D «S+.  JwR  acts  as  gwR  — diag(— 1,  —1, 1, 1, 1). 

Proof:  If  Q contains  a type  —2  involution,  then  we  can  show  Q 3 <S|  (see  the  proof 
of  Theorem  3.3.1  and  note  that  such  an  involution  g lies  in  the  centralizer  of  the 
invariance  group  of  the  wedge  W £ W which  satisfies  gW  = W).  Since  Q D im- 
plies (4.2.1)  (see  the  proof  of  [18,  Proposition  4.2.10]),  it  suffices  to  exclude  that  the 
involutions  gw  are  of  type  —4  (Lemma  4.2.1,  Lemma  4.2.2,  and  Lemma  4.2.3).  We 
can  assume  diag(  — 1,  — 1,  — 1,  — 1, 1)  £ Q.  Since  the  wedge  algebras  are  nonabelian, 
diag(— 1,  — 1,  — 1,  — 1, 1)^(0)  G Q is  of  type  2.  We  consider  a type  —4  involution 
g = diag(  — 1,  — 1,  — 1,  — 1, 1)  £ Q (choose  the  coordinate  system  suitably).  Because 
of  the  transitivity  and  the  existence  of  type  2 involutions  in  Q,  we  can  conclude  that 
Q contains  an  involution  h of  type  2 which  leaves  invariant,  gh  = hg  is  a type 
—2  involution,  i.e.,  the  claim  follows. 

Theorem  4.2.5:  Assume  that  the  net  {7?.(iy)}wew  satisfies  the  strong  CGMA  and 
that  the  modular  conjugations  Jw,  W £ W,  act  transitively  on  the  net.  Let  fl  be 
cyclic  for  'R.(Wi)  fl  if  W\,  W2  € W,  W\  fl  W?  ^ 0.  There  is  a strongly  con- 

tinuous representation  U of  the  proper  de  Sitter  group  <S+,  which  acts  geometrically 
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correctly  on  the  net,  such  that  U(S+)  = J and  U(gw)  = J\v  for  W € W. 


Proof:  The  wedge  algebras  cannot  be  abelian,  since  otherwise  7i(Wi)  C\V,(Wi)  would 
be  maximally  abelian  for  W\,  W2  € W,  W\  D W 2 ^ 0.  The  claim  can  be  proven  as 
Theorem  3. 5. 3. 2. 
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